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PROBLEMS BY LEVEL AND TOPIC WITH
FULLY EXPLAINED SOLUTIONS

LEVEL 1: PRECALCULUS

1. Let f(x)=3 and g(x) =x*—2x3+x%—-5x+1. Then
(feg)x) =

(A) 3
(B) 22
(C) 10,648
(D) 3x* — 6x3 + 3x% — 15x + 3
Solution: (f o g)(x) = f(g(x)) = 3, choice (A).
Notes: (1) f(x) = 3 can be read as “f of anything is 3.” So, in particular,

“f of g(x)is3,” i.e.f(g(x)) = 3.

(2) For completeness we have
(Fog)@) =f(g(x) = fx* —2x3 + x2 = 5x + 1) = 3.

B)(feg)x) = f(g(x)) is called the composition of the functions f and
g- We literally plug the function g in for x inside the function f. As an
additional simple example, if f(x) = x% and g(x) = x + 1, then

fla)) =fx+D=x+1D* and g(f(x)=g9x*)=x*+1

Notice how, for example, f(|somethingD = (|something‘)2.

The “something” here is x + 1. Note how we keep it in parentheses.

2. What is the domain of &(x) = Y8 — 12x2 + 6x — x3 ?

(A) All real numbers
B) x < -2

C) —2<x<2

(D) x >2

Solution: The domain of f(x) = 8 — 12x% + 6x — x3 is all real numbers
since f(x) is a polynomial. The domain of g(x) = ¥x is also all real
numbers. The function k(x) is the composition of these two functions and
therefore also has domain all real numbers. So the answer is choice (A).
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Notes: (1) Polynomials and cube roots do not cause any problems. In
other words, you can evaluate a polynomial at any real number and you
can take the cube root of any real number.

(2) Square roots on the other hand do have some problems. We cannot
take the square root of negative real numbers (in the reals). We have the
same problem for any even root, and there are no problems for odd roots.

For example V=8 is undefined, whereas ¥Y—8 = —2 because
(-2)* = (=2)(-2)(-2) = -8.
(3) See problem 5 for more information about polynomials.
3. IfK(x) =logsx forx > 0,then K~ 1(x) =
(A) log, 5
(B) 5*
©) %
(D) 2
Solution: The inverse of the logarithmic function K(x) = logs x is the
exponential function K~1(x) = 5%, choice (B).
Notes: (1) The word “logarithm” just means “exponent.”

(2) The equation y = log;, x can be read as “y is the exponent when we
rewrite x with a base of b.” In other words we are raising b to the power
y. So the equation can be written in exponential form as x = bY.

In this problem b = 5, and so the logarithmic equation y = logs x can be
written in exponential formas x = 57 .

(3) In general, the functions y = b* and y = log,, x are inverses of each
other. In fact, that is precisely the definition of a logarithm.

(4) The usual procedure to find the inverse of a function y = f(x) is to
interchange the roles of x and y and solve for y. In this example, the
inverse of y = logs x is x = logs y. To solve this equation for y we can
simply change the equation to its exponential form y = 5*.

12



4. If g(x) = e**1, which of the following lines is an asymptote to

the graph of g(x) ?
A)x=0
(B)y=0
C)x=-1
D)y =-1

Solution: The graph of y = e* has a horizontal asymptote of y = 0. To
get the graph of y = e**1 we shift the graph of y = e* to the left one
unit. A horizontal shift does not have any effect on a horizontal
asymptote. So the answer is y = 0, choice (B).

Notes: (1) It is worth reviewing the following basic transformations:

Lety = f(x),and k > 0. We can move the graph of f around by applying
the following basic transformations.

y = f(x) + k shiftup k units

y = f(x) —k shift down k units
y = f(x — k) shiftright k units
y = f(x+k) shiftleft k units
y=—f(x) reflect in x-axis

y = f(—x) reflect in y-axis.

For the function g(x) = e**1, we are replacing x by x + 1in f(x) = e*.
In other words, g(x) = f(x + 1). So we get the graph of g by shifting the
graph of f 1 unit to the left.

(2) The horizontal line with equation y = b is a horizontal asymptote for
the graph of the function y = f(x) if y approaches b as x gets larger and
larger, or smaller and smaller (as in very large in the negative direction).

(3) We can also find a horizontal asymptote by plugging into our calculator
a really large negative value for x such as —999,999,999 (if a calculator is
allowed for the problem). We get e ~999,999.999+1 —

(Note that the answer is not really zero, but the calculator gives an answer
of 0 because the actual answer is so close to 0 that the calculator cannot
tell the difference.)

(4) It is worth memorizing that y = e* has a horizontal asymptote of
y = 0, and y = In x has a vertical asymptote of x = 0.

13



As an even better alternative, you should be able to visualize the graphs
of both of these functions. Here is a picture.

y=Einx
y=x '

5. Which of the following equations has a graph that is symmetric
with respect to the y-axis?

Ay=x+1)3—x
B)y=x+12-1
(C)y =2x%—-3x2+5

x—1

D)y ==-
Solution: The equation y = 2x® — 3x2 + 5 is a polynomial equation with

only even exponents. It is therefore an even function, and so its graph is
symmetric with respect to the y-axis. So the answer is (C).

Notes: (1) A function f with the property that f(—x) = f(x) forall x is
called an even function. Even functions have graphs which are symmetric
with respect to the y-axis.

(2) A function f with the property that f(—x) = —f(x) for all x is called
an odd function. Odd functions have graphs which are symmetric with
respect to the origin.
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(3) A polynomial has the form a,x™ + a,,_;x™ ! + --- + a;x + ao where
ay, Qq,..,a, are real numbers. For example, 2x®—3x2+5 is a
polynomial.

(4) Polynomial functions with only even powers of x are even functions
(and therefore are symmetric with respect to the y-axis). Keep in mind
that a constant c is the same as cx? , and so ¢ is an even power of x. For
example 5 is an even power of x. From this observation we can see that
the polynomial in answer choice (C) is an even function.

(5) Polynomial functions with only odd powers of x are odd functions (and
therefore are symmetric with respect to the origin). Keep in mind that x
is the same as x?, and so x is an odd power of x. An example of an odd
function is the polynomial y = —4x3 + 2x.

(6) Note that the functions given in answer choices (A) and (B) are also
polynomials. This can be seen by expanding the given expressions. For
example, let’s look at the function given in choice (B).

x+1)2?2-1=@x+Dx+1)—-1=x*+x+x+1—-1=x?%+2x.

Since this expression has both an even and an odd power of x, the
polynomial given in choice (B) is neither even nor odd.

| leave it as an exercise to expand (x + 1) — x and observe that it has
both even and odd powers of x.

(7) A rational function is a quotient of polynomials. The function given in
choice (D) is a rational function. To determine if this function is even we
need to use the definition of being even:

(=x)-1 x-1
2(—x) T o—ax T 2 2x

-x-1 x+1 x—-1
===

It follows that the function is not even, and therefore its graph is not
symmetric with respect to the y-axis.

(8) The graph of an even function is symmetric with respect to the y-axis.
This means that the y-axis acts like a “mirror,” and the graph “reflects”
across this mirror. If you put choice (C) into your graphing calculator, you
will see that this graph has this property.
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Similarly, the graph of an odd function is symmetric with respect to the
origin. This means that if you rotate the graph 180 degrees (or
equivalently, turn it upside down) it will look the same as it did right side
up. If you put the polynomial y = —4x3 + 2x into your graphing
calculator, you will see that this graph has this property.

Put the other three answer choices in your graphing calculator and
observe that they have neither of these symmetries.

(9) If we were allowed to use a calculator, we could solve this problem by

graphing each equation, and checking to see if the y-axis acts like a mirror.

6. If f(x) =x3+Ax?>+Bx+C, and if f(0) = -2, f(-1) =7,
and f(1) = 4, then AB +% =

(A) 36
(B) 18
(C) —18

(D) It cannot be determined from the information given
Solution: Since f(0) = —2, we have
-2=03+4(02+B(0)+C=C.
Since f(—1) = 7, we have
7=(-1)3+A(-1D?*+B(-1)+C=-1+A—-B+C.
We already found that C = —2, so we have
7=—1+A—-B—-2=A-B-3.
SoA— B =10.
Since (1) = 4, we have
4=1+A1)*+B(1)+C=1+A+B—-2=A+B—-1.
SoA+ B =5.

Let’s add these last two equations.

A—-B =10
A+B=5
24 =15

16



ItfoIIowsthatA=12—5,andsoB=5—A=5—12—5=——.

Finally, 4B +2 = (2) (=3) + 2= -2+ 2 = -2 = 18, choice (0).
7. Ifthe solutions of g(x) = 0 are —3, %and 5, then the solutions of
g(Bx) =0are

1 5
(A) -1, - and 3
(B) -9, = and 15
(©) —6,—2 and 2
©) 0, - and 8

Solution: We simply set 3x equal to —3, %, and 5, and then solve each of

. 5 . .
these equations for x. We get —1, %, and > So the answer is choice (A).

Notes: (1) Since —3 is a solution of g(x) = 0, it follows that g(—3) = 0.
So we have g(3(—1)) = 0. So —1is a solution of g(3x) = 0.

(2) To get that —1 is a solution of g(3x) = 0 formally, we simply divide
—3 by 3, or equivalently, we solve the equation 3x = —3 for x.

(3) Similarly, we have g<3 (i)) =0 and g(3 (g)) =0, and we can

formally find that % and g are solutions of g(3x) = 0 by solving the
equations 3x = %and 3x = 5.

2

8. Ifk(x) = ""and h(x) = Inx?, then k(h(e)) =

x+2

(A) 0.12

(B) 0.50

(C) 0.51

(D) 0.75

2_
Solution: h(e) =Ine? =2.So k(h(e)) = k(2) = % =0.75, choice (D).
Notes: (1) We first substituted e into the function h to get 2. We then
substituted 2 into the function k to get 0.75.

17



(2) See the notes at the end of problem 3 for more information on
logarithms.

(3) There are several ways to compute In e?.
Method 1: Simply use your calculator (if allowed).

Method 2: Recall that the functions e* and In x are inverses of each other.
This means that e™* = x and In e* = x. Substituting x = 2 into the second
equation gives the desired result.

Method 3: Remember that In x = log, x. So we can rewrite the equation
y = Ine? in exponential form as e¥ = e2.So y = 2.

Method 4: Recall that Ine = 1. We have Ine? = 2Ine = 2(1) = 2. Here we
have used the last law in the following table:

Laws of Logarithms: Here is a review of the basic laws of logarithms.

Law Example

logy1=0 log,1=0

logeb =1 logeb =1

logux + logpy = logs(xy) logs7 + logs2 = logs14
|0ng— |ogby = |ogb(§) Iog321 - Iog37 = Iog33 =1
logpx" = nlogpx logs 3° = 5logs3

LEVEL 1: DIFFERENTIATION

9. Iff(x) =x%+x—cosx,then f'(x) =

(A) 2x + 1 —sinx
(B) 2x + 1 + sinx
(C) 2x —sinx
(D)§x3 +%x2 —sinx

Solution: f'(x) = 2x + 1 + sin x. This is choice (B).
Notes: (1) If n is any real number, then the derivative of x™ is nx™ 1.

Symbolically, % [x"] = nx™ 1,

For example, % [x?] = 2x! = 2x.

18



A= Lyl = 140 = _
As another example, ™ [x] = = [x1]=1x"=1(1) = 1.
(2) Of course it is worth just remembering that :—x [x] = 1.

(3) You should know the derivatives of the six basic trig functions:

d . d

W [sinx] = cosx o [cscx] = —cscxcotx
. d

E[cos x] = —sinx a[sec x] = secx tanx

4a - 2 4 — — csc

o [tan x] sec” x . [cotx] csce x

(4) If g and h are functions, then (g + h)'(x) = g'(x) + h'(x).

In other words, when differentiating a sum, we can simply differentiate
term by term.

Similarly, (g — h)'(x) = g'(x) — h'(x).

(5) In the given problem we differentiate each of x?, x, and cosx
separately and then use note (4) to write the final answer.

10. 1f g(x) = g then g'(=2) =

1

(A) -
(B) -1
€ 1
1
0O ;
.o ' _ (=2)(M)-(x+2)(1) _ x—2-x-2 _ -4
Solution: g'(x) = 2)? = o = e So we have
’ _ 4 -4 _ -4 1 .
g'(=2) = T2 = Car = 16 =~ Choice (A).

Notes: (1) We used the quotient rule which says the following:

Iff(x) = %, then

v DGON'(x) — N(x)D'(x)
f o ==""pwr

| like to use the letters N for “numerator” and D for “denominator.”
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(2) The derivative of x 4+ 2 is 1 because the derivative of x is 1, and the
derivative of any constant is O.

Similarly, the derivative of x — 2 is also 1.

(3) If we could use a calculator for this problem, we can compute g'(—2)
using our TI-84 calculator by first selecting nDeriv( (or pressing 8) under
the MATH menu, then typing the following: (X + 2)/(X — 2), X, =2 ), and
pressing ENTER. The display will show approximately —.25.

11. Ifh(x) = %x3 — 2Inx + v, then h'(x) =

1 2 1
A3 —item
2 3
(B) x? _F+§ X2
@3 4w
1
3% — 15+ 57
. 7 2 1 1
Solutlon:h(x)zﬁ-?)x —2()+ x 2=—x ——+ \/_,ch0|ce(C)

Notes: (1) The derivative of a constant times a function is the constant
times the derivative of the function.

Symbollcally, [cg(x)] = c—[ ()]

1 1
For example —|= ] =——[x3] = =(3x?) = -x?
x| 12 4

(2) The derivative of In x is i .

Symbollcally, [ln x] =

. d —94 —2() =2
(3) Combining (1) and (2), we have o [2Inx] =2 ™ [Inx] =2 (x) ==
1 1
(4) Vx can be written as x2. So the derivative of Vx is %x_E .

1

(5)xz=—=-

T— —=-
7 Vx

X

.- d _d _1 -2 1
(6) Combining (4) and (5) we havea[\/ﬂ = a[xZ] =cx 2= .
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(7) Here is a review of the laws of exponents:

Law Example
x°=1 3°=1
x'=x 9'=9
XxP = xo*b x3x° = x8
xa/xb = Xa-b Xll/X4 - X7
(Xa)b = x (X5)3 = x5
(xy)® = xy* (xy)* = xy*
(x/y)y® =x°/y° (x/y)®=x°/y°
xt=1/x 31=1/3
x?=1/x" 92=1/81
x¥n = W x1/3 = i/}
xm/n =4 xm=('§/§)m x9/2 =\/F=(\/;)9
12. The slope of the tangent line to the graph of y = e3* at x = In 2
is
(A)8In2
(B) 8
(C)24In2
(D) 24

Solution: y’ = e¢3%(3) = 3e3*. When x = In 2, we have that the slope of
the tangent line is

yllx:lnz = 3631n2 = 3eln23 = 3€1n8 = 3(8) = 24.
This is choice (D).

Notes: (1) To find the slope of a tangent line to the graph of a function,
we simply take the derivative of that function. If we want the slope of the
tangent line at a specified x-value, we substitute that x-value into the
derivative of the function.

(2) The derivative of f(x) = e*is f'(x) = e*
(3) In this problem we used the chain rule which says the following:
If f(x) = (g ° W)(x) = g(h(x)), then
f'G0) =g'(h()) - 1'(x)
Here we have h(x) = 3x and g(x) = e*.So h/(x) = 3, and
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g'(h(x)) = e"® = 3%,
(4) See the notes at the end of problem 3 for information on logarithms.
(5) In x is an abbreviation for log, x.

(6) The functions e* and In x are inverses of each other. This means that
e"* = x and Ine* = x.

(7)nlnx = Inx™
(8) Using notes (6) and (7) together we get e3112 = ¢ln2® = gln8 — g

(9) See the notes at the end of problem 8 for a review of the laws of
logarithms.

(10) If we could use a calculator for this problem, we can compute y’ at
x = In 2 using our TI-84 calculator by first selecting nDeriv( (or pressing
8) under the MATH menu, then typing the following: e”(3X), X, In 2), and
pressing ENTER. The display will show approximately 24.

13. The instantaneous rate of change at x =3 of the function
fx) =xvx+1is

(A);
(B
©>
(D)~

S _ .1 _1 _x
Solution: f'(x) =x-~(x+1) 2 + Vx+1(1) = —t Vx + 1.

") = 3 _ -3 -3 _3,8_1 ;
So f(3)—2\/m+\/3+ —2ﬁ+\/_—2_2+2—4+4—4,ch0|ce
(D).

Notes: (1) We used the product rule which says the following:
If f(x) = u(x)v(x), then
f10) = ul)v'(x) + vx)u'(x)

(2) The derivative of x is 1.
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1
(3) Vx4 1 can be written as (x + 1)z. So the derivative of vx + 1 is
1
%(x + 1) 2z (technically we need to use the chain rule here and also take

the derivative of x + 1, but% [x + 1] is just 1).

_1 1 1
4)(x+1) 2= = —.
( ) (x+1)% Vx+1

(5) Combining (3) and (4) we have

1 1
%[\/x+1] =%[(x+1)5] =§(x+1) E=N%.

(6) See problem 11 for a review of all of the laws of exponents you should
know.

(7) If we can use a calculator for this problem, we can compute f'(3) using
our TI-84 calculator by first selecting nDeriv( (or pressing 8) under the
MATH menu, then typing the following: XV(X+1), X, 3), and pressing
ENTER. The display will show approximately 2.75. Type 2.75, then press

MATH ENTER ENTER to change this decimal to %.

_[ 5+2v_+11x]_

Solution:

5
£ le® + 5+ 117 = 0- 25+ 11%(In 11) = - =+ (In 1D)11%,

x? J_
. d

Notes: (1) e® is a constant. Therefore - [e°] = 0.

1 1 _2 1 -2 2 24 2 S
(Z)W—E—X 3.505[3—\/?]—5363]——53(3 ——EX 3.,

2 5 2 2
(3)—2x5=—2=——2_

3 axs 33/x5

(4)If b > 0, then ;’—x[bx] = b*(In b).
In particular, :—x[llx] =11*(In11).

(5) For b > 0, b* = eXInb,
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To see this, first observe that e*M? = ¢"b* 1y the power rule for
logarithms (see problem 8 for the laws of logarithms).

Second, recall that the functions e* and In x are inverses of each other.
This means that e!™* = x and Ine* = x. Replacing x by b* in the first
formula yields /P = px,

(6) The formula in note (5) gives an alternate method for differentiating

11%. We can rewrite 11% as e*!"11 3nd use the chain rule. Here are the
details:
~[11%] = —[e¥I" 1] = ex"11(In 11) = 11%(In 11).

Note that in the last step we rewrote e*"11 a5 11%,

(7) There is one more method we can use to differentiate 11*. We can
use logarithmic differentiation.

We start by writing y = 11*.
We then take the natural log of each side of this equation: Iny = In 11*.

We now use the power rule for logarithms to bring the x out of the
exponent:Iny = xIn11.

Now we differentiate implicitly to get % . % =In11.

Solve for % by multiplying each side of the last equation by y to get

& _
i =yln11.

Finally, replacing y by 11* gives us Z—z =11*(In11).

(8) Logarithmic differentiation is a general method that can often be used
to handle expressions that have exponents with variables.

(9) See problem 45 for more information on implicit differentiation.
15. Ify = x°5* theny' =

Solution: We take the natural logarithm of each side of the given equation
togetIny =Inx* = (cosx)(Inx).

We now differentiate implicitly to get
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cosx—x (Inx)(sinx)

%y’ = (cos x) G) + (Inx)(—sinx) =

X

Multiplying each side of this last equation by y yields

1 =x

X X

cos x—x (Inx)(sin x)

cos x [cos x—x (Inx)(sin x)]

y =yl

Notes: (1) Since the exponent of the expression x°°S* contains the
variable x, we used logarithmic differentiation (see problem 14 for more
details).

(2) (cosx) G) + (Inx)(—sinx) = (cos x) G) + (g) [(Inx)(—=sinx)]

__cosx + x(Inx)(=sinx) _ cosx—x(Inx)(sinx)

X X X

(3) Remember to replace y by x°5* at the end.

(4) See problem 45 for more information on implicit differentiation.

cot3x
16. Differentiate f(x) = £ = and express your answer as a simple
fraction.
Solution:
') = Vx(e€0t3%) (— csc? 3x)(3)—e°°t3x(ﬁ) _ —6x(csc? 3x)eCOt3X_Cot3x
fre) = x - 2x\x

. A rox] — px
Notes: (1) ™ [e*] =e
d 2
— [cotx] = —csc* x
dx
d
a[33€] =3
d 1 1

afl l 1 -1 101 1
[ﬁ]:a[_xz]zzx 2=E._=E.ﬁ=ﬁ

. 1
dx Xz

(2) We start off using the quotient rule (see problem 10 for a detailed
explanation of the quotient rule). Here we get
\/}_%[ecotwc]_ecot 3x%[\/;]

(Va)*
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(3) ;—x [e€°t3X] requires two applications of the chain rule. See problem 12
for a detailed explanation of the chain rule. Here we get

% [ec0t3x] — ec0t3x(_ CSC2 3X)(3).

(4) After differentiating we wind up with a complex fraction:

cot3x cot3x, 1
Vx(eC0t3%) (= csc? 3x)(3)—e O3 GR

X

We simplify this complex fraction by multiplying the numerator and
denominator by 2v/x.

Note the following:
x(2vx) = 2x+/x (this is where the final denominator comes from).

Vx(e€0t3¥) (= csc? 3x)(3)(2vx) = —6v/xV/x (csc? 3x)e 03 = —6x (csc? 3x)e O™
1
ecot3x (ﬁ) (2\/;) = pCot3x

The last two results together with the distributive property give the final
numerator.

LEVEL 1: INTEGRATION

17. [(x* —6x2+3)dx =
(A) 5x°> —18x3 +3x + C
(B) 4x3 —12x+3x+C
5
(C)"T—3x2+3x+c
x* 5.3
(D)5 2x°+3x+C

Solution:

x5

3 5
- —%+3x+c="?—2x3+3x+c.

[(x*—6x2+3)dx =

This is choice (D).

n+1

Notes: (1) If n is any real number, then an antiderivative of x™ is ):1+1'
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n+1

Symbolically, fxndx =);T + C, where C is an arbitrary constant.
5

For example, [ x*dx = x? +C.

1
As another example, [ 3dx = [ 3x%dx = 3% +C=3x+C.

(2) Of course it is worth just remembering that[ kdx = kx for any
constant k.

(3) If g and h are functions, then
Jlg() + h(x)]dx = [ g(x)dx + [ h(x)dx.

In other words, when integrating a sum we can simply integrate term by
term.

Similarly, [[g(x) — h(x)]dx = [ g(x)dx — [ h(x)dx.

(4) If g is a function and k is a constant, then
fkg(x)dx = kfg(x)dx

For example, [ 6x%dx =6 [ x?dx =6 (%3) +C=2x3+C.

(5) In the given problem we integrate each of x*, x2, and 3 separately and
then use notes (3) and (4) to write the final answer.

(6) We do not need to include a constant C for each individual integration
since if we add or subtract two or more constants we simply get a new
constant. This is why we simply add one constant C at the end of the
integration.

(7) It is also possible to solve this problem by differentiating the answer
choices. For example, if we start with choice (C), then we have that

d (x5 5x* . . . -
P (7) == So we can immediately see that choice (C) is incorrect.

When we differentiate choice (D) however, we get

d x5 3 5x* 2 4 2
ST -2 +3x+C]="--32x) +3+0=x*—6x" + 3.

This is the integrand (the expression between the integral symbol and
dx) that we started with. So the answer is choice (D).
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(8) Note that the derivative of any constant is always 0, ie. é [C] = 0.

2 —
18. 7, (3x* —2x)dx =
(A) 2
(B) 4
(C)6
(D) 14
2 3x3  2x2 |2 2
Solution: [~ (3x* — 2x) dx = G- = (x3 — x?) |_1 =
(27 -2~ (1P - (D) =@~ 4~ (-1-1) =4~ (~2) =6.
This is choice (C).
Notes: (1) f; f(x)dx = F(b) — F(a) where F is any antiderivative of f.
In this example, F(x) = x3 — x? is an antiderivative of the function
f(x) = 3x% — 2x.So f_zlf(x)dx =F(2)—-F(-1)
(2) We sometimes write F(b) — F(a) as F(x) |Z .

This is just a convenient way of focusing on finding an antiderivative
before worrying about plugging in the upper and lower limits of
integration (these are the numbers b and a, respectively).

(3) For details on how to find an antiderivative here, see the notes at the
end of the solution to problem 17.

19. 3[e3*dx=

(A)e 3* +C
B) e~* +C
C)e* +C
(D) e3* + C
Solution: 3 [ e3¥*dx = [ e3¥*(3dx) = e3* + C, choice (D).

Notes: (1) We can formally make the substitution u = 3x. It then follows
that du = 3dx. So we have

[e3*(3dx) = [etdu=e"*+C =e3* +C.
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We get the leftmost equality by replacing 3x by u, and 3dx by du.

We get the second equality by the basic integration formula
[etdu=e“+C.

And we get the rightmost equality by replacing u with 3x.

(2) Note that the function f (x) = e3* can be written as the composition
f(x) = g(h(x)) where g(x) = e* and h(x) = 3x.

Since h(x) = 3x is the inner part of the composition, it is natural to try
the substitution u = 3x.

Note that the derivative of 3x is 3, so that du = 3dx.

(3) With a little practice, we can evaluate an integral like this very quickly
with the following reasoning: The derivative of 3x is 3. So to integrate
3e3* we simply pretend we are integrating e* but as we do it we leave
the 3x where itis. This is essentially what was done in the above solution.

Note that the 3 “goes away” because it is the derivative of 3x. We need it
there for everything to work.

(4) We can also solve this problem by differentiating the answer choices.
In fact, we have %[e” + C] = e3*(3) + 0 = 3e3*. So the answer is
choice (D).

20. [(x?+2)Vxdx=
3
(A)x?2+4xz+x+C
7 3
B)ixz+2x2+¢C
7 3
5 1
©zxz+2x3+C
5 2
(D) E\/; + 7 +c
Solution:
1 1
J(x? + 2)Vx dx = [(x*Vx + 2Vx)dx = [ x?x2dx + [ 2x2 dx

S 1 2 2 4 3
=fx2dx+f2x2dx=;xz+§x2+C
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This is choice (B).
1 1
Notes: (1) Vx = xz . So 2v/x = 2xz.

1 4
= s
2 2

NP
N o

1
(2) x2xz = x*72 = x2%2 = x2.

(3) See problem 11 for more information on the laws of exponents used
here.

n+1
(4) To integrate we used the power rule twice: [ x™dx = ’;H + C.
1 x2 33 3 2 2 2
[xidx=F+C=x2+2+C=x2-2+C=2x2+C.
2

7
5 > 7 7 7
fxidx=%2+C=x5—%+C=x5-§+C=§x5+C.
2
21. foz(x2 — 4x)e*" gy =
e16
(A) =
® o
el6
© =
1-el6
(D) —;
Solution:
2, 2 6x2—x3 3. _ 1 ex2.x312 1 46 (1 o) _ —e'®+1
Jo (% — 4x)e dx =—e |0— _e ( 36)— .

This is equivalent to choice (D).

Notes: (1) To evaluate [(x% — 4x)e®**~*’dx, we can formally make the
substitution u = 6x2% — x3. It then follows that

du = (12x — 3x?)dx = 3(4x — x?)dx = —3(x? — 4x)dx

Uh oh! There is no factor of —3 inside the integral.
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But constants never pose a problem. We simply multiply by —3 and —%
at the same time. We place the —3 inside the integral where it is needed,
and we leave the — % outside of the integral sign as follows:

[(x? — 4x)e®" gy = —%f(—B)(xZ — 4x)eb%* =% dx

We have this flexibility to place the —3 and —% where we like because

multiplication is commutative, and constants can be pulled outside of the
integral sign freely.

We now have
[(x? — 4x)e®* % gx = —éf(—B)(xZ — 4x)e® =% 4y

1

= —lfe”du = —Zeu4 (= -1 x4
3 3 3

(2) If we are doing the substitution formally, we can save some time by
changing the limits of integration. We do this as follows:

2 2 62_ 3 _ 1 2 2 62_3
Jo (% — 4x)e®* dx——gfo(—B)(x — 4x)e®* =% dx

—el04+1
3

_ 1,16 4 _ 1 16 1. 46 o0y _
= 3foedu— ~e |0— - (e e®) =

Notice that the limits 0 and 2 were changed to the limits 0 and 16,
respectively. We made this change using the formula that we chose for
the substitution: u = 6x% — x3. When x = 0, we have u = 0 and when
x=2,wehaveu=6(2)2-23=6-4—-8=24—-8=16.

2 1 7 _
22. f(;;'+';'— 5\/§'+-§7;§)c1x =

1 5
Solution: (= + = — 5V + 3#) dx = [(2x7% + 5 — 5x2 + 7x 3 dx

3 2
2x~

! 5x2 3 2 10
=—1+ln|x|—%2+7x—23+C=—;+ln|x|—?\/x3—
3

2

21

23\/F+C'

Notes: (1) Recall from problem 11 that % [Inx] = % It therefore seems

like it should follow that fidx = Inx + C. But this is not completely

accurate.
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Observe that we also have:—x[ln(—x)] =— (-1 = the chainrule was

used here). So it appears that we also have f;dx = ln(—x) + C.

How can the same integral lead to two different answers? Well it doesn’t.
Note that Inx is only defined for x > 0, and In(—x) is only defined for
x < 0.

Inx ifx >0

Furthermore, observe that In|x| = {ln(—x) ifx <0

It follows that
1
f;dx = In|x| + C.

x~1

L _ 2
(2) 2 = (x—)—Zx 2, It follows that [ = dx = [ 2x~2 dx = Z—+C.
2x‘1__ -1 _ (1Y _ _2
Also,— = —2x"" = Z(X)— x
3
(3)\/__x2 ItfoIIowsthatf\/_dx—fxzdx_Tz-i_C'
2
3 3
x2 3.3 32 2x2_ 2Vx®
Also, 5 =x2+-=x2--=—= .
2 2 3 3 3
7 7 1 -2
4 =—==7|—=)=7x s.Itfollows that
2
7
—dx = (7 dx =7 C.
fepie=7ar=1(5 )+
2
x5 2 o\ 2 3\ _ 1 (_3\__3 ___3
Also, z_x 37(—5)— 3'(_2)_9:% ( 2)_ s 2V

(5) See problem 11 for more information on the laws of exponents used
here.

1 —
23. fmdx =

Solution: fﬁdx =In|lnx| + C.
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1 N
Note: To evaluate fmdx, we can formally make the substitution u =

In x. It then follows that du = idx. So we have

f —f— - x—f du = In|u| + C = In|lnx| + C.
xInx

T t the first lit imol t ot _ 11 Thi
o get the first equality we simply rewrote ——as —-— = -— - —. This

way it is easier to see exactly where u and du are.
To get the second equality we simply replaced In x by u, and %dx by du.
To get the third equality we used the basic integration formula

f%du = In|x| + C (see problem 22 for details).

To get the last equality we replaced u by In x (since we setu = In x in the
beginning).

24, [5Ct* csc? xdx =

5cotx

Solution: [ 5 csc? x dx = —=—

Notes: (1) Recall from problem 14 that % [5*] = 5*(In 5). It follows that

5x
x -2
J5*¥dx=—+C.
To verify this, note that
d - X i = L . 5Xx = §X
ln5 1n5dx +dx[C] Ins 5*(In5) + 0 = 5%.
More generally, we have thatforany b > 0,b + 1, f b*dx = %

(2) As an alternative way to evaluate [ 5% dx, we can rewrite 5* as exIns

and perform the substitution u = xIn 5, so that du = (In5) dx. So we
have

[5%dx = [eX"S dx = — [ e*!"5 (In5) dx = — [ e¥ du

1 —_1 _xIns — 1 ex _ 5
—lnse +C ms @ +C_ln55 +C_1n5+C'

(3) To evaluate [ 5°°¥ csc? x dx, we can formally make the substitution
u = cotx. It then follows that du = — csc? x dx. So we have
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f5cotx csc2 xdx = — f 5% (_csc? x)dx = — f 5%du = —% +C

5cotx

In5

(4) As an alternative, we can combine notes (2) and (3) to evaluate the
integral in a single step by rewriting 5°°t* csc? x as e(€OtX)(Un5) ¢ 5
and then letting u = (cotx)(In5), so that du = (— csc? x)(In5)dx. |
leave the details of this solution to the reader.

LEVEL 1: LIMITS AND CONTINUITY

. 2x2-13x-7 _
25. chl_)n}T—
(A) oo
(B) 0
(€) 2
(D) 15
2x%-13x-7 (x=7)(2x+1)

Solution 1: lim ——————— =lim
x—7 x=7 x-7 x-7

=2(7) + 1 = 15.

=lim(2x + 1)
x—-7

This is choice (D).
Notes: (1) When we try to substitute 7 in for x we get the indeterminate

0 . .
form o Here is the computation:

2(7)2-13(7)-7 _ 98-91-7 _ 0

7-7 7-7 o’

This means that we cannot use the method of “plugging in the number”
to get the answer. So we have to use some other method.

(2) One algebraic “trick” that works in this case is to factor the numerator
as 2x2 —13x — 7 = (x — 7)(2x + 1). Note that one of the factors is
(x — 7) which is identical to the factor in the denominator. This will
always happen when using this “trick.” This makes factoring pretty easy
in these problems.
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(3) Most important limit theorem: If f(x) = g(x) for all x in some
interval containing x = ¢ except possibly at c itself, then we have

lim f(x) = lim g(x).
X—C X—C
In this problem, our two functions are

x%2-13x-7

f(x)=2 > and g(x) = 2x + 1.

Note that f and g agree everywhere except at x = 7. Also note that f(7)
is undefined, whereas g(7) = 15.

X

(4) To compute a limit, first try to simply plug in the number. This will only
fail when the result is an indeterminate form. The two basic

. . 0 [e4}
indeterminate forms are 5 and = (the more advanced ones are 0 - o0, o0 —

00, 00, 1°, and 0%, but these can always be manipulated into one of the
two basic forms).

If an indeterminate form results from plugging in the number, then there
are two possible options:

Option 1: Use some algebraic manipulations to create a new function that
agrees with the original except at the value that is being approached, and
then use the limit theorem mentioned in note (3).

This is how we solved the problem above.
Option 2: Try L'Hopital's rule (see solution 2 below).

Solution 2: We use L'Hopital's rule to get

2_ _ —
lim Z2=5%77 _ i 4x113 =4(7) — 13 = 15, choice (D).

x—7 x=7 x—7

Notes: (1) L'Hopital's rule says the following: Suppose that

(i) g and k are differentiable on some interval containing ¢ (except
possibly at c itself).

(i) limg(x) = limk(x) = 0 orlimg(x) = limk(x) = o
xX—C xX—C xX—C x—C

e 1s g (%)
(i) Lim S 7

exists, and

(iv) k' (x) # 0 for all x in the interval (except possibly at ¢ itself).
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€ T €))
Then }}Eé k(x) }Hc K'(x)

In this problem g(x) = 2x? —13x — 7and k(x) = x — 7.

(2) It is very important that we first check that the expression has the
correct form before applying L'Hopital's rule.

In this problem, note that when we substitute 7 in for x in the given
. 0 S T
expression we get 5 (see note 1 above). So in this case L'Hopital's rule can

be applied.
5x2—3x+2 .
26. If h(X) = oo then chl_l’)r:ll h(X) =
(A) 4
7
B) ;
5
© 3
(D) 0
T i 5X¥2-3x42  5(1)2-3(1D+2 _ 5-3+2 4
SOIUtlon'glcl—r)q h(x) = }C‘L‘i 3x2-2x  3(1)2-2(1)  3-2 1 4.

This is choice (A).

Notes: (1) We simply substituted 1 in for x. Since we did not get an
indeterminate form, we see that the answer is 4.

(2) It would be incorrect to try to apply L'Ho6pital's rule here! Let’s see
what happens if we try:

li 5x2-3x+2 _ ;. 10x-3 _ 10(1)-3 _ 7

1 = 11 = = -.
x—1 3x2-2x x—>1 6x—2 6(1)-2 4

So we get choice (D) which is wrong!

If we tried to apply L'H6pital's rule twice we would get

li Sx-3x42 lim lim— =
x—1 3x2-2x x—1 6x—2 x>1 6 3’

So we get choice (C), also wrong!
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3x%2-2x+1

27. lim 2
x—00 7x4+5x—-3

1

(A) -3

3

B -

7

© 3

(D) oo

. . 3x2-2x+1 . 3x%2 3 .
Solution: lim =————— = lim == = =, choice (B).
x—00 7xX2+5x—3 x—00 7Xx2 7
. . pk) . anpx™
Notes: (1) If p and q are polynomials, then lim ——= = lim
x—oo q(X x—00 bmXx

p(x) = apx™ + ap_1x" 1+ -+ ay;x +ayand

where

m

q(x) = apx™ + a1 x™ 1+ -+ agx + ag.

anx™ _ ap

(2) f n = m, then lim

x—00 by x™ - bm'
(3) Combining notes (1) and (2), we could have gotten the answer to this
problem immediately by simply taking the coefficients of x? in the
numerator and denominator and dividing.
The coefficient of x2 in the numerator is 3, and the coefficient of x2 in the

. . . . 3
denominator is 7. So the final answer is p

(4)I1fn > 0, then lim in =0.
X—>00 X

(5) For a more rigorous solution, we can multiply both the numerator and
. . 1
denominator of the fraction by — to get
X
3x%-2x+1 _ @ (3x2-2x+1) _ 3_,2_6"';%2

7x245x-3 (%) (7x2+5x-3)  743_3°
x x (xz) (7x x—3) 7+x o

3x?-px41  Jim3-2lim (1)+lim 5 3-2(0)+(0) _ 3
It follows that lim — = o oot amoto— — =
x—00 7X%+5x=3  lim 7+5 lim (—)—3 lim () 7+5(0)-3(0) 7

X—00 X—00\X. X—00 "X

(6) L'Hopital's rule can also be used to solve this problem since the limit

has the form —:
[ee]

m = = l1m —
x—00 7xX2+5x—3 x—oo 14x+5 x—oo 14

3x2-2x+1 .. 6x—2 . 6 _ 3
-
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Observe that we applied L'HoOpital's rule twice. The first time we
differentiated the numerator and denominator with respect to x to get

another expression of the form g

28. If the function g is continuous for all real numbers and if

2_y_
g(x) = xx_x3 ® for all x # 3, then g(3) =
(A)0
(B)1
(©) 2
(D) 5
. . e x%-x—6 . (x=3)(x+2) ..
Solution 1: g(3) = )lcl_rg 5 = )lcl_rg — = chl_rg(x + 2)
=3+2=5.

This is choice (D).

Notes: (1) A function f is continuous at x = a if lim f(x) = f(a).
x—-a

In this problem we want the function g to be continuous for all real

numbers. In particular, we need g to be continuous at x = 3. So we must
x2-x—6

have g(3) = chl_rg glx) = Jlcim

-3 x-3

(2) When we try to substitute 3 in for x we get the indeterminate form %.
Here is the computation:

32-3-6 _9-9 _ 0

3-3  3-3 0
This means that we cannot use the method of “plugging in the number”
to compute the limit. We used the same method from the first solution in

problem 25.

(3) As an alternative we could have used L'H6pital's rule (just like we did
for the second solution in problem 25). Here are the details:

x%2—x—6 . 2x—1
=lim
x—3

g3 = lirré =2(3) — 1 = 5, choice (D).
X—

See problem 25 for more information about L'Hopital’s rule.
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sin3 5x

29. lim

x—-0 X
(A) —125
(B) 5
(C) 125
(D) The limit does not exist

Solution: lim 5% — iy 53 825X _ 55 jjy GnSD°
Tx-0 %3 5x-0  53x3 5x-0 (5x)3

sinu sinu

= 125 lim (
u—0 u

3
) = 125(lim *%)* = 125(1)° = 125.
u-—

u
This is choice (C).

Notes: (1) A basic limit worth memorizing is

sinx

=1.

lim
x-0 X

(2) The limit in note (1) is actually very easy to compute using L'Hopital's
rule:

. sinx
lim

. COosXx
=lim—==cos0=1
x-0 X x-0 1

(3) It is not hard to see that x — 0 if and only if 5x — 0. This is why we
can replace x by 5x in the subscript of the limit above.

(4) sin™ x is an abbreviation for (sin x)™.

In particular, sin® x = (sin x)3, and so sin® 5x = (sin 5x)3.

sin 5x . sin 5x
(5) —,can be rewritten as 5 Tt

in3

.. sin35x sin3 5x
It follows that we can rewrite ——as 53 .
x 53x3

; 3 ; 3
(6) 53x® = (5x)3 by a basic law of exponents, and S22 — (Sm Sx)

(5x)3 5x
by another basic law of exponents.

(7) Using the substitution u = 5x, we have

. sin5x\3 . sinw)3
lim = lim .
5x—0 \ 5x u-0\ u
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(8) If lim £ (x) and lim g (x) both exist, then
lim[£(x) ()] = lim £(x) - lim g(x)
In particular,
lim[£ ()] = Lm[f (x) f ()] = lim £(x) - lim £ (x) = [lim £ (x)]?

More generally, }Ci_r)rg[f(x)]" = [Li_r;rgf(x)]”

.. . sin sinu 3
This is why we have 1lll_r)r(l)( " ) = (lim )°.

u->0 u

3tanx—3cos? x tan x

30. lim

x—0 x3
(A)O
(B) 5
€3
(D) e

. . 3tanx—-3cos?xtanx . 3tanx(1—cos®x
Solution: lim 3 = lim %
x—-0 X x—0 X

= lim

3tanxsin?x 3(
x—0 x3

sinx
lim = ) (lim 25?2 = 3(1)(1) = 3.
This is choice (C).
Notes: (1) We get the first equality by factoring 3 tan x.

(2) To get the second equality we used the most basic Pythagorean
identity

cos?x +sin?x=1
Subtracting cos? x from each side of this equation gives us
sin?x =1 — cos? x

(3) For the third equality we use a basic limit rule concerning products.
See problem 29 for details.

sinx

(4) As noted in problem 29, llm =1.

X
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tan x

We also have lim =1.
x—0

Both of these results can easily be seen by using L'H6pital's rule.
For the second one, we have

ta sec? x

. nx .
lim = lim
x-0 X x—0

= sec? 0 = (sec0)? =( L )2 =1.

cosO0

31. |If the function f is continuous for all x in the interval [a, b], then
at any point c in the interval (a, b), which of the following must
be true?

(A) lim £ () = £(c)
(B) f'(c) exists
©) fla)=0
(D) f(c) = f(b) = f(a)
Solution: f is continuous at x = c if and only if }Cl_rg f(x) = f(c), choice

(A).

Notes: (1) This question is simply asking us to pick out the definition of
continuity at a value x = c.

(2) The function f(x) = |x| on the interval [-1,1] is a counterexample to
choices (B), (C), and (D).

Note that f(x) = |x/| is continuous for all x. In particular, f is continuous
forall xin [-1,1].

f'(0) does not exist, since the graph of f has a “sharp edge” there. This
allows us to eliminate choice (B).

f(1)=§¢0and F(-D-f()=1-1=0.

2

This allows us to eliminate choices (C) and (D).
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0

32. The graph of the function h is shown in the figure above. Which
of the following statements about h is true?

(A) lim h(x) = ¢
xX—a
(B) lim h(x) =d
xX—a
(C) limh(x) =e
xX-b
(D) lim h(x) = h(b)
x—b
Solution: From the graph we see that lir% h(x) = e, choice (C).
X—

Notes: (1) The open circles on the graph at a and b indicate that there is
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