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PROBLEMS BY LEVEL AND TOPIC WITH
FULLY EXPLAINED SOLUTIONS

LEVEL 1: DIFFERENTIATION

1. If f(x) = 7x* + x + 3m —secx, then f'(x) =

(A) 28x3 + 1 — secxtanx
(B) 28x3 + 1 + secx tanx
(C) 28x3 + 3 —secxtanx

2
(D) %xS + x? + 3mx — In|secx + tan x|
Solution: f'(x) = 28x3 + 1 — sec x tan x. This is choice (A).
Notes: (1) If n is any real number, then the derivative of x™ is nx™ 1.
: d n n—-1

Symbolically, — [x"] = nx"™™".

dx

A 47 — g3
For example, = [x*] = 4x°.

A= L1 = 140 = _

As another example, ™ [x] = ™ [x1]=1x"=1(1) = 1.
(2) Of course it is worth just remembering that ;—x [x] = 1.
(3) The derivative of a constant is 0. A constant is just a real number.

. d
For example, 37 is a constant. So = [37] = 0.

(4) The derivative of a constant times a function is the constant times
the derivative of the function.

Symbolically, :—x[cg(x)] = c:—x [g ()]

For example, = [7x*] = 7L [x*] = 7 - 4x3 = 28x3.
dx dx

12



(5) You should know the derivatives of the six basic trig functions:

4 [sinx] = cosx 4 [cscx] = —cscxcotx
dx a dx -

. d
E[cos x] = —sinx a[sec x] = secx tanx
4 tanx] = sec?x 2 [cotx] = —csc?x
dx dx

(6) If g and h are functions, then (g + h)'(x) = g’ (x) + h'(x).

In other words, when differentiating a sum, we can simply differentiate
term by term.

Similarly, (g — h)'(x) = g'(x) — h'(x).

(7) In the given problem we differentiate each of x*, x, 3w and secx
separately and then use notes (4) and (6) to write the final answer.

2. 1fg(x) = 2" —In(x?) + (2x — 1)3, then g'(1) =

(A1
(B) 2
(€3
(D) 4

3
Solution: g'(x) = e**™* — % +5(2x — 1)z.
Therefore g'(1) =1 — 2+ 5 = 4, choice (D).

Notes: (1) The derivative of e* is e*.

Symbolically, ;—x[ex] =e*.

(2) The derivative of In x is i .

Symbolically, :—x [Inx] = i

(3) In this problem we need the chain rule which says the following:
Iff (x) = (g e h)(x) = g(h(x)), then
f'(x) = g'(h(0) - h'(x)

13



For example, if f(x) = In(x?), then f(x) = g(h(x)) where g(x) = Inx
and h(x) = x2.50 f'(x) = g'(h(x)) - h'(x) = - 2x ==

e4-x—4 1

4

d 1 d
Similarly, we have — ==. —[e** 4] =Ze**4. 4 = ¢4*~% 3nd
\Z dx[ ] 4 dx[ ] ’

4
2 1ex - 1)3] =3 (2x - 13(2) = 5(2x - 13,

(4) As an alternative to using the chain rule to differentiate In(x?), we
can rewrite In(x?) as 2Inx. Then dix[Z In x] :Z%Unx] =2 §=§ .
See the first table in problem 3 for the rule of logarithms used here.

—4

etx
4

(5) In the given problem we differentiate each of X ln(xz), and

5
(2x — 1)z separately and then use note (6) from problem 1 to write the
final answer.

(6) If we could use a calculator for this problem, we can compute g'(x)
at x = 1 using our TI-84 calculator by first selecting nDeriv( (or pressing
8) under the MATH menu, then typing the following:

eM(4X — 4)/4 — In(XA2) + (2X — 1)7(5/2), X, 1),

and pressing ENTER. The display will show approximately 4.

a [1_] -
dx 6
(A) 6x°
(B) x*
(C) 6x° + x°
(D) x° + x©

5
. 5 xIn e* xx® 1
Solution: Ine*” = x>, so that — ==X

5
d |xlne* d 1 1 .
_[ ] =2 [-xé] =>.6x> = x>, choice (B).
dx 6 dx L6 6

6. Therefore we have

Notes: (1) f(x) = log, x is called the natural logarithmic function and is
usually abbreviated as f(x) = In x.

(2) Here are two ways to simplify In e*’.

14



Method 1: Recall that Ine = 1. We have Ine*° = x51lne = x5(1) = 5.
Here we have used the last law in the following table:

Laws of Logarithms: Here is a review of the basic laws of logarithms.

Law Example

logy1 =0 log.1=0

logeb =1 logeb =1

logux + logpy = logs(xy) logs7 + logs2 = logs14
logsx — logpy = |°gb(§) logs21 —logs7 = logs3 =1
logex" = nlogpx logs 3°= 5logs3

Method 2: Recall that the functions e* and lnx are inverses of each

other. This means that e!™* = x and Ine* = x. Replacing x by x> in the

. . 5
second equation gives Ine*” = x>,

(3) Geometrically inverse functions have graphs that are mirror images
across the line y = x. Here is a picture of the graphs of y = e* and
y = In x together with the line y = x. Notice how the line y = x acts as
a mirror for the two functions.

;
&
,
A
y
bt
;
v
y=x
(4) x - x> = x1 - x5 = x5 = x©

15



Here is a complete review of the laws of exponents:

Law Example
x'=1 3°=1
xt=x 9'=9
XxP = x°*b x3x° = x8
xu/xb = Xa-b Xll/X4 - X7
(xa)b = Xab (X5)3 = x5
(xy)? = x°y* (xy)* = x*y*
(x/y) = x/y* (x/y)® = x°/y®
xt=1/x 31=1/3
x?=1/x° 92=1/81
Xl/n = W X1/3 — i/}
X7l == (4x) " £ =V0=(Vx)’
4. The slope of the tangent line to the graph of y = xe?* at x =
In3is
(A)9
(B) 18
(C)18In3

(D) 181n3 + 9

Solution: y' = xe?* -2 + e?* . 1 = 2xe?* + e?* = ¢?*(2x + 1). When
x = In 3, we have that the slope of the tangent line is

Y lyemns = €23 (2In3 4+ 1) = "3’ (2In3 + 1)
=32(2In3+1) =9(2In3+1) = 18In3 +9.
This is choice (D).

Notes: (1) To find the slope of a tangent line to the graph of a function,
we simply take the derivative of that function. If we want the slope of
the tangent line at a specified x-value, we substitute that x-value into
the derivative of the function.

(2) The derivative of f(x) = e*is f'(x) = e*
(3) In this problem we used the product rule which says the following:
If f(x) = u(x)v(x), then

f'(x) =ulv'(x) + v()u'(x)

16



(4) When differentiating e?* we needed to use the chain rule. See
problem 2 for details.

(5) See problem 3 for information on logarithms.

(6) The functions e* and In x are inverses of each other. This means that

. 2
e'"* = x and In e* = x. In particular, e/"3° = 32,

(7) nlnx = Inx™. In particular, 2In3 = In32. See the first table in
problem 3 for the rule of logarithms used here.

(8) Using notes (6) and (7) together we get e21n3 = gln3* = gln% — g,

(9) As an alternative to using the rule of logarithms as was done in note
2
(8), we can use a law of exponents instead to write e2!"3 = (e!"3)".

Since e!"3 = 3, we have e2I"3 = (el“3)2 =32=0,.
The rule that we used here is (x*)? = x*” witha =In3 and b = 2.

(9) If we could use a calculator for this problem, we can compute y’ at
x = In 2 using our TI-84 calculator by first selecting nDeriv( (or pressing
8) under the MATH menu, then typing the following: Xe”(2X), X, In 3),
and pressing ENTER. The display will show approximately 28.775.

When we put choice (D) in our calculator we also get approximately
28.775.

5. Ifx =1In(t? + 1) and y = cos 3t, then Z—z =

3sin 3t
(A) - t2+1
3sin3t
(B) - 2t(t2+1)
3(t2+1)sin 3t
© ==
3sin3t
(D) ———
. od . d 2t
Solution: <> = —3 sin 3t and = = ——. Therefore
dt dt  t2+1
o % = (—3sin3t) + 2t — (—3sin3t) 1 _3(t241)sin3e
ax & Ttz41 2t 2t :

at

This is choice (C).

17



Notes: (1) In this problem we are given a parametrically defined curve.
The variable t is called the parameter, and the two given equations are
called parametric equations.

For example, when t = 0, we have that x =In(0? + 1) =In1 =0 and
y = cos(3-0) = 1. So the point (0,1) is on the given parametrically
defined curve, and this point corresponds to the parameter value t = 0.

Each value for t corresponds to a point (x, y) in the xy-plane.

dy

is equal to 4&,

dat

dy
dx

(2) The derivative

(3) The derivative of In x is i .

Symbolically, :—x [Inx] = %

(4) The derivatives % and Z—f both required the chain rule. See problem 2
for a detailed explanation of this rule.

2
6. Ifg(x)=me3+ L4 (ﬂ) —11%,then g'(x) =

3 x2 xX—2

z x+2\2
Solution: We first rewrite g as g(x) = me3 + x 3 + ( ) —11*%

xX—2

2 5 x+2\(x—2)(1) — (x+2)(1)

() =0-3 3+2( ) —11%(In 11
g(x) 3X P (x_2)2 (n )
—__2 _ g x2 _ x
=~ =8~ (N1,

Notes: (1) e is a constant. Therefore % [re3] = 0.
1 1 e dfi)_df-f__2 -2a_ _2 -2
(z)ﬁ—xg—x 3.Sde[w]—dx[x 3]_—3x3 __3x 3.
2 -3 2 2
(3)_§x 3__£__33_\/F'

(4) The quotient rule says the following:

Iff(x) = %, then

18



DN~ N@D'®)
f@= DGOT?

| like to use the letters N for “numerator” and D for “denominator.”

(5) The derivative of x 4+ 2 is 1 because the derivative of x is 1, and the
derivative of any constant is 0.

Similarly, the derivative of x — 2 is also 1.

. . — 2 .
Now using the quotient rule we see that the derivative of % is
(x-2)(1)—-(x+2)(1) _ x—2-x-2 _ —4

(x-2)2 (x-2)2 ~ (x-2)2°

2
(6) Differentiating (g) requires the chain rule. Using note (5) we see

that this derivative is 2 (g) ((3:;)2) =_§ _(;:“22)3 _

(7)1f b > 0, then ;’—x[bx] = b*(Inb).
In particular, ;—x[llx] =11*(In11).
(8) For b > 0, b* = e*Inb,

To see this, first observe that e*M? = ¢"b* 1y the power rule for
logarithms (see problem 3 for the laws of logarithms).

Second, recall that the functions e* and In x are inverses of each other.
This means that e!™* = x and Ine* = x. Replacing x by b* in the first
formula yields e!"?”" = p*,

(9) The formula in note (8) gives an alternate method for differentiating

11%. We can rewrite 11% as e*!?11 and use the chain rule. Here are the
details:
S [11%] = = [e¥" 1] = eX"11(In 11) = 11%(In 11).

Note that in the last step we rewrote eX"11 g5 11%.

(10) There is one more method we can use to differentiate 11*. We can
use logarithmic differentiation.

We start by writing y = 11%,

19



We then take the natural log of each side of this equation: Iny = In 11*.

We now use the power rule for logarithms to bring the x out of the
exponent:Iny = xIn11.

Now we differentiate implicitly to get % . % =In1l.

Solve for Z—z by multiplying each side of the last equation by y to get

dy _
E—ylnll.

Finally, replacing y by 11* gives us 3—2: =11*(In11).

(11) Logarithmic differentiation is a general method that can often be
used to handle expressions that have exponents with variables.

(12) See problem 35 for more information on implicit differentiation.

cot3x
7. Differentiate f(x) = 2 = and express your answer as a simple
fraction.
Solution:
f’(x) _ Vx(e€0t3%)(~ csc? 3x)(3)—e‘:°t3x(ﬁ) _ —6x(csc? 3x)eCOt3x_gcot3x
- x - 2x\x

Notes: (1) %[ex] =e*

L lcotx] = — csc? x

dx

d

a[3x]=3

d dr 1 101 1 1 1
wb =] == 5=0 2=k

X
(2) We start off using the quotient rule (see problem 6 for a detailed
explanation of the quotient rule). Here we get
\/E,i[ecot3x]_ecot 3xi[&]
dx dx

(Vx)©

(3) % [e€°t3X] requires two applications of the chain rule. See problem 2

for a detailed explanation of the chain rule. Here we get

20



%[ecoth] — ecoth(_ csc? 3%)(3).

(4) After differentiating we wind up with a complex fraction:

\/_(eCOt3X)( CSCZ 3X)(3) eC0t3X(2\/_)

X

We simplify this complex fraction by multiplying the numerator and
denominator by 2+/x.

Note the following:
x(Z\/E) = 2x+/x (this is where the final denominator comes from).

Vx(e€0t3¥) (= csc? 3x) (3)(2vx) = —6v/xV/x (csc? 3x)e 0S¥ = —6x (csc? 3x)eOt3*
cot3x L) _ ,cot3x
e (2 = (2\/§) e
The last two results give the final numerator.

8 If F is the \vector-valued function defined by
F(t) = (=%, cos? t), then F"'(t) =

Solution:
t(z)-n@) 1-Int ,
F'(t) = (— 2 (cost)(—sint)) = ( ,—2costsint), and
t 1-Int)(2t
so F"'(t) = ( (t) (t4 not ),—2 costcost — 2(sint)(—sint))
= (LW —2(cos?t —sin?t)) = (Zlnt 3 ,—2 cos 2t).

t4

Notes: (1) A 2-dimensional vector-valued function F has the form
F(t) = (x(t), y(t)) where x and y are ordinary functions of the variable
t.

A vector-valued function is just a convenient way to give a
parametrically defined curve with a single function.

The vector-valued function given in the problem is equivalent to the

parametric equations

Int
X = ,y—cos t

Can you express the parametric equations given in problem 5 as a
vector-valued function?

21



(2) The derivative of the vector-valued function F which is defined by
F(t) = (x(t),y(t)) is the vector-valued function F’ which is defined by
F'(t) = (x'(t),y'(t)). In other words, we simply differentiate each
component.

In this problem we have x(t) = lnTt and y(t) = cos? t.

Note also that F''(t) = (x"'(t),y" (t)).
d 1
(3) Recall from problem 5 that = [lnx] = e

(4) We used the quotient rule to differentiate x and x’. See problem 6
for a detailed explanation of the quotient rule.

(5) cos?t is an abbreviation for (cost)?. To differentiate y therefore
required the chain rule.

(6)To differentiate y' we used the product rule.
(7) The following two identities can be useful:
sin 2t = 2sintcost cos 2t = cos?t —sin? t
The second identity was used when simplifying y"'(t).
We could have used the first identity to write
y'(t) = —2costsint = —2sint cost = — sin 2t.
Differentiating this last expression then gives

y"(t) = —2cos 2t.

LEVEL 1: INTEGRATION

9. [(Bx?-6Vx+eX)dx=
3
(A)6x—ﬁ+e"+C

(B) x3 —4Vx3 +e* + C
(C)x3—-3x+e*+C
(D) x3 —3x+xe* 1+ C

22



Solution:
3
s 3
f(3x2—6\/§+e")dx:3'%—6)3_62 +e*+C=x3—4Vx3+e¥+C

2

This is choice (B).

xn+1

Notes: (1) If n is any real number, then an antiderivative of x™ is ——

n+1
Symbolically, [ x"dx =J;T + C, where C is an arbitrary constant.

3
For example, [ x2dx = x? +C.

As another example,

3

+C:§x5+C.

N w
N w

34 c=xz-
2

[SSH )

3
f\/}dx:fx%dxz%+6=x
2

(2) Since ;—x[ex] = e¥, it follows that [ e¥dx = e* + C
(3) If g and h are functions, then

Jlg() + h(x)]dx = [ g(x)dx + [ h(x)dx.

In other words, when integrating a sum we can simply integrate term by
term.

Similarly, [[g(x) — h(x)]dx = [ g(x)dx — [ h(x)dx.

(4) If g is a function and k is a constant, then
jkg(x)dx = k]g(x)dx

For example, [ 3x%dx = 3 [ x%dx =3 (%3) +C=x3+C.

(5) In the given problem we integrate each of x2, Vx, and e* separately
and then use notes (3) and (4) to write the final answer.

(6) We do not need to include a constant C for each individual
integration since if we add or subtract two or more constants we simply
get a new constant. This is why we simply add one constant C at the end
of the integration.
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(7) It is also possible to solve this problem by differentiating the answer
choices. For example, if we start with choice (C), then we have that

%(x3 —3x +e* + C) = 3x%2 — 3 + e*. So we can immediately see that
choice (C) is incorrect.

When we differentiate choice (B) however, we get

d d 3
—[x3—4\/x3+e"+C] =—[x3—4x7+ex+C
dx dx

1
=3x2—4(%x5)+ex+0=3x2—6\/§+ex.

This is the integrand (the expression between the integral symbol and
dx) that we started with. So the answer is choice (B).

(8) Note that the derivative of any constant is always 0, ie. 4 [C] = 0.

dx
10. foz(x2 — 4x)e® gy =
616
(A) ——-
B 0
816
€
1—el6
(D) =
Solution:
202 _ 6x2-x3 3. _ _ 1 ex2-x3 12 _ _ 1 16 _ (_1 0) _ —el®+1
fo(x 4x)e dx = Se |0— _e ( Se )— -

This is equivalent to choice (D).

Notes: (1) To evaluate f(x2 — 4x)66x2_x3dx, we can formally make the
substitution u = 6x2 — x3. It then follows that

du = (12x — 3x?)dx = 3(4x — x?)dx = —3(x? — 4x)dx

Uh oh! There is no factor of —3 inside the integral. But constants never
pose a problem. We simply multiply by —3 and — % at the same time. We

place the —3 inside the integral where it is needed, and we leave the —%
outside of the integral sign as follows:
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[(x? — 4x)e®" gy = —%f(—3)(x2 — 4x)eb% %" dx

We have this flexibility to place the —3 and —% where we like because

multiplication is commutative, and constants can be pulled outside of
the integral sign freely.

We now have
[(x? — 4x)e®* ¥ gx = —éf(—B)(xZ — 4x)e® =% 4y
= —lfe”du =_—levyc=-lex* ¥ 4 ¢
3 3 3

(2) f; f(x)dx = F(b) — F(a) where F is any antiderivative of f.
In this example, F(x) = —§e6x2_x3 is an antiderivative of the function
() = (x% — 4x)e®**~** 5o

f02 fQo)dx =F(2) - F(0) = —%e6'22‘23 _ (_geo).

(3) We sometimes write F(b) — F(a) as F(x) |Z .

This is just a convenient way of focusing on finding an antiderivative
before worrying about plugging in the upper and lower limits of
integration (these are the numbers b and a, respectively).

(4) If we are doing the substitution formally, we can save some time by
changing the limits of integration. We do this as follows:

2 2 6x2—x3 _ 1,2 2 6x2—x3
Jy (= 4x)e* ~* dx——gfo(—3)(x — 4x)eb* =X dx

—el641
3

__Y1rte g1 w® _ 1. 16 _ L0y _
= 3f0edu— _e |0— - (e e =

Notice that the limits 0 and 2 were changed to the limits 0 and 16,
respectively. We made this change using the formula that we chose for
the substitution: u = 6x? — x3. When x = 0, we have u = 0 and when
x=2,wehaveu =6(2)2-23=6-4—-8=24—-8=16.

1 —
11. fmdx =

Solution: fﬁdx = In|lnx| + C.
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Notes: (1) To evaluate fﬁdx, we can formally make the substitution

u = In x. It then follows that du = idx. So we have

f —f— - x—f du = In|u| + C = In|lnx| + C.
xInx

T t the first lit imol t ot _ 11 Thi
o get the first equality we simply rewrote ——as —--— = -— - —. This

way it is easier to see exactly where u and du are.
To get the second equality we simply replaced In x by u, and %dx by du.
To get the third equality we used the basic integration formula

f%dx = In|x| + C.

To get the last equality we replaced u by Inx (since we set u = Inx in
the beginning).

(2) Recall from problem 5 that ;—x[lnx] = i It therefore seems like it

should follow that fidx = Inx + C. But this is not completely accurate.

Observe that we also have %[ln(—x)] =_ix (-1 =% (the chain rule

was used here). So it appears that we also have f%dx =In(—x) + C.

How can the same integral lead to two different answers? Well it
doesn’t. Note that Inx is only defined for x > 0, and In(—x) is only
defined for x < 0.

In x ifx>0

Furthermore, observe that In|x| = {ln(—x) ifx <0

It follows that
fidx =In|x| + C.

12. [ 5% csc? x dx =

5cotx

Solution: [ 5% csc? x dx = —=—

Notes: (1) Recall from problem 6 that —jx [5*] = 5*(In 5). It follows that
sx
X —
[5%dx = —+C.
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To verify this, note that

14 5%] a _ 1 ex _ X
1n5 1n5dx +dx[c]_ln5 5 (1n5)+0_5 ’

More generally, we have that forany b > 0, b # 1, f b* dx = :l—b +C.

(2) As an alternative way to evaluate [ 5% dx, we can rewrite 5% as

e*In5 and perform the substitution u = xIn 5, so that du = (In5) dx.
So we have

[5%dx = [ e*n5 dx = — [ e¥1"5 (In 5) dx = — [ e¥ du

-1 —_1 _xIns — 1 ex _ 5
lnSe +C e +C_ln55 +C_1n5+C'

(3) To evaluate [ 5°°¥ csc? x dx, we can formally make the substitution
u = cotx. It then follows that du = — csc? x dx. So we have

[5¢0t% ¢5c2 x dx = — [ 5O (—csc? x)dx = — [ 5% du = —% +C

5cotx

In5
(4) As an alternative, we can combine notes (2) and (3) to evaluate the
integral in a single step by rewriting 5°t% csc? x as e(€OtX)Un5) ¢ge2 5,

and then letting u = (cotx)(In5), so that du = (— csc? x)(In5)dx. |
leave the details of this solution to the reader.

13. If f is a continuous function for all real x, and g is an
antiderivative of f, then }lm%% fcc+h FO0) dxis

(A) g(0)
(B) 9'(0)
(©) g(©
(D) g'(c)

T FGo dx = lim 2 [g(0]EH

_ lim dct—gl@ _
= lim=— g'(©).

Solution: lim - f

This is choice (D).
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Notes: (1) The second Fundamental Theorem of Calculus says that if f is
a Riemann integrable function on [a, b], then

fff(x) dx = F(b) — F(a) where F is any antiderivative of f.
In this problem, since g is an antiderivative of f, we have

[ o de = gle+h) - g(o).

(2) We sometimes use the notation [F(x)]g as an abbreviation for
F(b) — F(a).

This is just a convenient way of focusing on finding an antiderivative
before worrying about plugging in the upper and lower limits of
integration (these are the numbers b and a, respectively).

In the problem above we have

c+h
[ rear =1t = g+ m -9
[
(3) If a function fis continuous on [a, b], then f is Riemann integrable on
[a, b].
(4) Recall the definition of the derivative:

glx+h)—gx)
h

g'(x) = lim

/ _ 13 9lcth)—g(0)

So we have g'(¢) = }ll_r)r(l) —

14. If the function g given by g(x) = Vx3 has an average value of
2 on the interval [0, b], then b =

3
(A) 52
(B) 5
2
(C) 53
1
(D) 52
Solution: The average value of g on [0, b] is
3 5 5 3
L Pxzdx=2x2| =2 ba=1ba.
b-070 sp” 1o sb 5
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3 3 2
So we have ébf = 2. Therefore bz = 5, and so b = 53, choice (C).

Notes: (1) The average value of the function f over the interval [a, b] is
1 b
Efa f(X) dx.

(2) Recall from problem 9 that for any real number n, we have

n+1
fx"dx = ’:1? + C, where C is an arbitrary constant.

5

+C=§x5+C.

N | U
N | v

+C=x +C =x2-

N v
alN

3
For example, [ xzdx =

X
ST

(3) f: f(x)dx = F(b) — F(a) where F is any antiderivative of f.

5 3
Here, G(x) = %xi is an antiderivative of the function g(x) = xz. So
5 5
[y 9(x)dx = G(b) = G(0) =2bz — 0 =2 b2,
5

@2 b2=bt b= b = b = b,

2 5 21 5 2.3
It follows that —: bz === bz = = bz,
5b 5 b 5

3
(5) We solve the equation %bf = 2 by first multiplying each side of the
equation b > SinceE-z— 1, we etb% = 2(5) =5
q Y3 2 s L g =zal\z) =
We then raise each side of this last equation to the power % Since
3 2 32 2
(b2)s = b2s = b* = b, wegeth = 53.

(6) See problem 3 for a review of the laws of exponents used in notes (4)
and (5).

15. fooo 2xe™* dx is

(A) divergent
(B) —1

© 5

(D)1
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Solution: fooo 2xe ™ dx = —e™*" |? = 0 — (—1) = 1, choice (D).

Notes: (1) The given integral is an improper integral because one of the
limits of integration is co. This is actually a Type Il improper integral. For
an example of a Type | improper integral, see problem 45.

(2) fooof(x) dx is an abbreviation for lim fob f(x)dx, and F(x) | is an
abbreviation for gim F(x) 5.

2

In this problem, f(x) = 2xe~*" and F(x) = —e™",

(3) To evaluate the integral f2xe‘x2 dx, we can formally make the
substitution u = —x?. It then follows that du = —2xdx.

Uh oh! There is no minus sign inside the integral. But constants never
pose a problem. We simply multiply by —1 inside the integral where it is
needed, and also outside of the integral sign as follows:

[2xe™dx = — [ —2xe™* dx

We have this flexibility to do this because constants can be pulled
outside of the integral sign freely, and (—1)(—1) = 1, so that the two
integrals are equal in value.

We now have
—[—2xe ™ dx =—[e¥du=—e"+C=—e* +C.
We get the leftmost equality by replacing —x? by u, and —2xdx by du.
We get the second equality by the basic integration formula
[etdu=e*+C.
And we get the rightmost equality by replacing u with —x2.

(4) Note that the function f(x):e"‘2 can be written as the
composition f(x) = g(h(x)) where g(x) = e* and h(x) = —x?*.

Since h(x) = —x? is the inner part of the composition, it is natural to try
the substitution u = —x2.
Note that the derivative of —x? is —2x, so that du = —2xdx.
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(5) With a little practice, we can evaluate an integral like this very quickly
with the following reasoning: The derivative of —x? is —2x. So to
integrate —2xe™" we simply pretend we are integrating e* but as we
do it we leave the —x? where it is. This is essentially what was done in

the above solution.

Note that the —2x “goes away” because it is the derivative of —x?. We
need it there for everything to work.

(6) If we are doing the substitution formally, we can save some time by
changing the limits of integration. We do this as follows:

fooo 2xe™" dx = — fooo —2xe™" dx
=— [, Tetdu=—e" |0_oo =—0-eD=-(-D=1.

Notice that the limits 0 and oo were changed to the limits 0 and —oo,
respectively. We made this change using the formula that we chose for
the substitution: u = —x2. When x = 0, we have that u = 0 and when
x = o0, we have “u = —00? = —00 - 00 = —00.”

| used quotation marks in that last computation because the
computation o - oo is not really well-defined. What we really mean is
that if we have two expressions that are approaching oo, then their
product is approaching oo as well. For all practical purposes, the
following computations are valid:

00 - 00 = 00 0 4+ 00 = 00 —00 — 00 = —00

For example, if lim f(x) = o and lim g(x) = oo, then lim[f(x) -
X—00 X—00 X—00

9G] = o and lim[f(x) + g(x)] = 0.

Note that the following forms are indeterminate:
2 9 0-c0 00 — 09 1*® 00
co 0

For example, if lim f(x) = o0 and lim g(x) = oo, then in general we
X—00 X—00
cannot say anything about lim %. The value of this limit depends on
X—00
the specific functions f and g.

0
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16. Let y = f(x) be the solution to the differential equation Z—z =
arctan(xy) with the initial condition f(0) = 2. What is the
approximation of f(1) if Euler’s method is used, starting at x =
0 with a step size of 0.5?

(A1
(B) 2
T
© 2+ s
Vs
(D)2 + "
Solution: Let’s make a table:
d d
(x,y) dx ﬁ dx (é) =dy (x +dx,y +dy)
(0,2) .5 0 0 (.52)
T T b4
. . - —= 1,2 +-=
(.5,2) 5 7 5 ( )

From the last entry of the table we see that f(1) = 2 + g, choice (C).

Notes: (1) Euler’s method is a procedure for approximating the solution
of a differential equation.

(2) To use Euler’s method we must be given a differential equation

% = f(x,y), an initial condition f(x,) = v, and a step size dx.

In this problem, we have z—z = arctan(xy), f(0) = 2,and dx = 0.5.

(3) The initial condition f(x,) = y, is equivalent to saying that the point
(x0,¥0) is on the solution curve.

So in this problem we are given that (0,2) is on the solution curve.

(4) We can get an approximation to f(x, + dx) by using a table (as
shown in the above solution) as follows:

In the first column we put the point (x,,y,) as given by the initial
condition.

In the second column we put the step size dx.
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In the third column we plug the point (x,V,) into the differential
equation to get Z—Z.

In the fourth column we multiply the numbers in the previous two
columns to get dy.

In the fifth column we add dx to x, and dy to y, to get the point
(xo + dx,yy + dy). This is equivalent to f(x, + dx) = y, + dy.

(5) We can now copy the point from the fifth column into the first
column of the next row, and repeat this procedure to approximate
f(xo + 2dx).

In this problem, since x, = 0 and dx = 0.5, we have xy + 2dx = 1, and
so we are finished after the second iteration of the procedure.

17. The area of the region bounded by the lines x = 1, x = 4, and
y = 0 and the curve y = 3% is
(A)3e3(e®— 1)
(B) e3(e’ - 1)
(C) el2 -1
(D) 3e3(e® — 1)

. 4 1 4 1 1 1
Solution: ["e3* dx = 563" |1 = 5612 — 563 = 563(69 -1).

This is choice (A).

Notes: (1) To compute the area under the graph of a function that lies
entirely above the x-axis (the line y =0) from x =a to x = b, we
simply integrate the function from a to b.

In this problem, the functionis y = e3¥,a = 1,and b = 4.

Note that e* > 0 for all x. So e3* > 0 for all x. It follows that the graph
of y = e3¥ lies entirely above the x-axis.

(2) Although it is not needed in this problem, here is a sketch of the area
we are being asked to find.
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——4 _

o

(3) To evaluate [ e3*dx, we can formally make the substitution u = 3x.
It then follows that du = 3dx.

We place the 3 next to dx where it is needed, and we leave the é
outside of the integral sign as follows:

[e3*dx = %fe“ - 3dx

We now have

fe3xdx=%fe3x-3dx=§fe“du=§e“+€=§e3x+C.

We get the second equality by replacing 3x by u, and 3dx by du.

We get the third equality by the basic integration formula
[etdu=e*+C.

And we get the rightmost equality by replacing u with 3x.

(4) With a little practice, we can evaluate an integral like this very quickly
with the following reasoning: The derivative of 3x is 3. So we artificially

. 1 . . .
insert a factor of 3 next to dx, and 3 outside the integral sign. Now to

integrate 3e3* we simply pretend we are integrating e* but as we do it
we leave the 3x where it is. This is essentially what was done in the
above solution.

Note that the 3 “goes away” because it is the derivative of 3x. We need
it to be there for everything to work.
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(5) If we are doing the substitution formally, we can save some time by
changing the limits of integration. We do this as follows:

12 1 1
—lp12_1,3

4 104 112 1
J;e¥dx =2 [ e 3dx =3[, e“du=§e“|3 - Se’.

Notice that the limits 1 and 4 were changed to the limits 3 and 12. We
made this change using the formula that we chose for the substitution:
u = 3x. When x = 1, we have u = 3(1) = 3. And when x = 4, we have
u=3(4)=12.

Note that this method has the advantage that we do not have to change
back to a function of x at the end.

18. Which of the following integrals gives the length of the graph of
y =e3* betweenx = landx=27?

(A) [ Veb* + e3% dx
(B) J, Vx + 3¢%* dx
(C) J/VI+3e3 dx
(D) J VI +9¢% dx

2

Solution: _ 3e3%, so that 1 + (d—y) = 1+ 9e%*. It follows that the
dx 5 dx

desired length is [ V1 + 9e®* dx, choice (D).

Notes: (1) The arc length of the differentiable curve with equation
y=f(x)fromx=atox=bhis

2
Arc length = ff 1+ (Z—z) dx

dy

(2) By the chain rule, we have — = e3*(3) = 3e3*. See problem 2 for

details.

2
(3) (Z—i’) = (3e3%)? = 32(e3%)2 = 9¢3%'2 = 9¢%*, See problem 3 for a

review of the laws of exponents used here.
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LEVEL 1: LiMITS AND CONTINUITY

. 2x2-13x-7

19 lm=—=—=
(A)
(B) 0
(€) 2

(D) 15
2x%-13x-7 — lim (x=7)(2x+1)

x=7 x—7 x=7

=2(7)+1=15.

Solution 1: lim =lim(2x + 1)
x=7 x-7

This is choice (D).

Notes: (1) When we try to substitute 7 in for x we get the indeterminate
form %. Here is the computation:

2(7)2-13(7)-7 _ 98-91-7 _ 0

7-7 7-7 0

This means that we cannot use the method of “plugging in the number”
to get the answer. So we have to use some other method.

(2) One algebraic “trick” that works in this case is to factor the
numerator as 2x2 — 13x — 7 = (x — 7)(2x + 1). Note that one of the
factors is (x — 7) which is identical to the factor in the denominator.
This will always happen when using this “trick.” This makes factoring
pretty easy in these problems.

(3) Most important limit theorem: If f(x) = g(x) for all x in some
interval containing x = ¢ except possibly at c itself, then we have

lim f(x) = lim g(x).
X—=C X—=C

In this problem, our two functions are

x%2-13x-7

f(x)=2 — and g(x) = 2x + 1.

Note that f and g agree everywhere except at x = 7. Also note that
f(7) is undefined, whereas g(7) = 15.

X
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(4) To compute a limit, first try to simply plug in the number. This will
only fail when the result is an indeterminate form. The two basic

. . 0 [e9)
indeterminate forms are 5 and = (the more advanced ones are 0 - o,

00 — 00, 0%, 1°, and o, but these can always be manipulated into one
of the two basic forms).

If an indeterminate form results from plugging in the number, then
there are two possible options:

Option 1: Use some algebraic manipulations to create a new function
that agrees with the original except at the value that is being
approached, and then use the limit theorem mentioned in note (3).

This is how we solved the problem above.
Option 2: Try L'Hopital's rule (see solution 2 below).

Solution 2: We use L'Hopital's rule to get

2_ _ _
lim 2227 _ Jim ‘“‘113 =4(7) — 13 = 15, choice (D).

x-7 x=7 x-7

Notes: (1) L'Hé6pital's rule says the following: Suppose that

(i) g and k are differentiable on some interval containing ¢ (except
possibly at c itself).

(i) limg(x) = limk(x) = 0 orlimg(x) = limk(x) = to
X—C X—C X—C X—C

g' )
k' (x)

(iii) lim exists, and
X—C

(iv) k' (x) # 0 for all x in the interval (except possibly at c itself).

Then lim 22 = Jim g,(x) .
x-c k(x) x—c k'(x)

In this problem g(x) = 2x2 — 13x — 7and k(x) = x — 7.

(2) It is very important that we first check that the expression has the
correct form before applying L'Hopital's rule.

In this problem, note that when we substitute 7 in for x in the given

. 0 . . T
expression we get ~ (see note 1 above). So in this case L'Hé6pital's rule
can be applied.
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| |
I I X

a b

20. The graph of the function h is shown in the figure above. Which
of the following statements about h is true?

(A) lim h(x) = ¢
xX—a
(B) lim h(x) =d
xX—a
(C) limh(x) =e
x—b
(D) lim h(x) = h(b)
x—b
Solution: From the graph we see that lin}) h(x) = e, choice (C).
X—

Notes: (1) The open circles on the graph at a and b indicate that there is
no point at that location. The darkened circle at a indicates h(a) = d.

(2) lim h(x) =c and lim h(x) = d. Therefore lim h(x) does not
x—-a~ x—at x-a
exist.

(3) h is not defined at x = b, ie. h(b) does not exist. In particular, h is
not continuous at b. So )lcin; h(x) # h(b).

tan(Z+h)-tanE
21 Whatis lim 22G) =@
h-0 h

(A)O
(B)1
(C) 2
(D) The limit does not exist.
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Solution 1: If we let f(x) = tanx, then f'(x) = }llirr(l)

tan(Z+h —tan(z)

f! (E) — llm (4 ) 4 .

4 h—-0 h

Now, the derivative of tan x is sec? x. So we have

tan(Z+h —tan(z)

llm (4— ) 4 —
h—0 h

This is choice (C).

Notes: (1) The derivative of the function f is defined by

1) — Tipn LTS (X)
£ = lim L

In this problem f(x) = tanx, so that f'(x) = }llin(l) .

(2) See problem 1 for the basic trig derivatives. In particular,

£ [tanx] = sec? x.
dx

(3) cos (%) = L Therefore sec (%) = =1l+—==1-

NGx

2
(4) sec? (%) = (sec%) = (\/7)2 =2.
Solution 2: We use L'Hopital's rule to get

T TT. s
. tan(7+h)-tan(3) . sec?(Z+h
lim —(4 ) =i (
h—0 h h—0

This is choice (C).

Note: See problem 19 for a detailed description of L'Ho6pital's rule.

.. 5—x243x3
22. Whatis lim =>———?
x—o00 X°—2x+3

(A)1
5
(B) 3
©)3
(D) The limit does not exist.
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tan(x+h)—tan(x)

h

il G) = secz(g) = (\/5)2 = 2.

tan(x+h)—tan(x)

m+) = sec? G) = (\/E)Z = 2.

So



. . 5-x2+3x3 . 3x3 .
Solution: lim =2~ — |im 2X_ = 3, choice (C).
x—oo X°—2x+3 x—o0o X
n
Notes: (1) If p and q are polynomials, then lim p@) _ lim 22X where
x—o00 q(x x—00 by x™
we have p(x) = apx™ + ap_1x™ T+ -+ ayx + a and

q(x) = apx™ + a1 x™ 1+ -+ a;x + ag.

n
(2) If n = m, then lim ;"x =

x—00 by x™ bm'

(3) Combining notes (1) and (2), we could have gotten the answer to this
problem immediately by simply taking the coefficients of x3 in the
numerator and denominator and dividing.

The coefficient of x3 in the numerator is 3, and the coefficient of x3 in
. . ) .3
the denominator is 1. So the final answer is 1= 3.

(4)Ifn > 0, then lim in =0.
X—00 X

(5) For a more rigorous solution, we can multiply both the numerator
and denominator of the fraction by is to get
X

1 5 1
5-x2+3x% (x_3) (5-x2+3x%) 33

3_ - 1 3_ - 2 3 -
x3-2x+43 =) (x3-2x+3) 1-5+3
. 1 . 1 .
s—x2+3x% _ SIMGa)-lIMG*TImS _ s50-043

It follows that lim — = — —= X200 — =
xX—00 X°—2X+3 lim 1-2lim (=)+3lim (=) 1-2:0+3-0
X—00 X—00 X X—00 X

(6) L'Hopital's rule can also be used to solve this problem since the limit
(00
has the form —:
[e0)

5-x2+3x3 . —2x+9x? . —2+18x

. . 18
lim ———— = lim ——— = lim = lim — = 3.
x—00 X3-2x+3 x—o00 3x%2-2 X—00 6x x—oo 6

Observe that we applied L'Hopital's rule three times. Each time we
differentiated the numerator and denominator with respect to x to get

another expression of the form g

See problem 19 for a detailed description of L'H6pital's rule.
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23. hm ln(—) is equal to
1
(A) =
(B) 10

(C) elO
(D) The limit does not exist.

Solution 1: If we let f(x) = In x, then

f’(x) _ }lll_r)r(l) 1n(x+hr)l—ln(x) . l (ﬂ)
So f'(10) = hm—l G}

. 1
Now, the derivative of In x is o So we have

10+h

hm - In(=) = f'(10) = — choice (A).

Notes: (1) The derivative of the function f is defined by

ey e PO =F ()
f'() = lim -

In(x+h)—-In(x)

In this problem f(x) = Inx, so that f'(x) = ’llin(l) -

(2) Recall that Ina — Inb = In ($). So In(x + h) = In(x) =In (*),
1

In@e+h)-In@ _ 1 [In(x + h) — In(x)] = %ln (%)

and therefore .

(3) See the notes at the end of problem 3 for a review of the laws of
logarithms.

Solution 2: We use L'Hopital's rule to get

(#)(i)
10+h . In() o \2%% o

) lim = lim
h—0 h h—0 1

hm ln( = io' choice (A).

Note: (1) See problem 19 for more information on L'Hépital's rule.

(2) To apply L'Hopital's rule we separately took the derivative of
gx) = ln(%) and k(x) = h
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(3) glx) = ln(%) is a composition of the functions In x and %. We
therefore need to use the Chain Rule to differentiate it.

The first part of the Chain Rule gives us ﬁ
10

For the second part, it may help to rewrite % as % (10 + h). It is now
easy to see that the derivative of this expression with respect to h is
1 1

T (0 + 1) =T

. sin7x
24. lim = =
x—0 Sin4x
. . sin 7x . 7-4xsin7x 7. sin7x 4x
Solution: lim — =lim—==- .
x—0 sin4x  x—04:-7xsin4x 4 x50 7x sin 4x
7 . sin 7x . 4x 7 1. sinu 1 7 1 7
=Z(lim T (lim =) = I (lim =) — =212 = 1
4 *7x—0 7x 4x—0 Sin4x 4 -0 Uu (lim——) 4 1 4
v-0 Y

Notes: (1) A basic limit worth memorizing is

. sinx
lim = 1.

x—-0 X

(2) The limit in note (1) is actually very easy to compute using L'Hopital's
rule:

sinx

lim =1lim =% =cos0 =1
x>0 X x-0
(3) It is not hard to see that x — 0 if and only if 4x — 0 if and only if
7x — 0. This is why we can replace x by 4x and 7x in the subscripts of
the limits above.

sin 7x 7-4x sin 7x

(4) =—= can be rewritten as ———— .
sin 4x 4-7x sin 4x

.. sin7x 7 sin7x 4x
It follows that we can rewrite — as—- - = .
sin4x 4 7x sin 4x

(5) Using the substitution u = 7x, we have

. sin 7x . sinu
lim = lim .
7x-0 7X u-0 u

Using the substitution v = 4x, we have

lim 2 1 1
ax>0sindx  Jim SO S0
4x-0 4X v50 v
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(6) We can also solve this problem using L'Hopital's rule as follows:

sin7x _ .. 7cos7x _ 7(1) _ 7

im — = =Z,
x—0 sin4x x—0 4cos4x 4(1) 4

25. lim —— =

x—-11 (x—11)2

Solution: The function f(x) = (x—i1)2 has a vertical asymptote of
x=11.

If x is “near” 11, then ﬁ is positive. It follows that
S G = T

Notes: (1) When we substitute 11 in for x into f (x) = ﬁ , we get

11 . . . .
o This is not an indeterminate form.

For a rational function, the form % where a is a nonzero real number
always indicates that x = a is a vertical asymptote. This means that at
least one of lim f(x) or lim f(x) is + or —oo. If both limits agree,
x—a~ x—at
then lim f(x) is the common value. If the two limits disagree, then
X—a

lim f(x) does not exist.
xX—-a

(2) A nice visual way to find the left hand and right hand limits is by
creating a sign chart. We split up the real line into intervals using the
x-values where the numerator and the denominator of the fraction are
zero, and then check the sign of the function in each subinterval formed.

I:III 1|1

test -1 test 5 test 12
— + +

In this case we split up the real line into three pieces. Notice that the
cutoff points are 0 and 11 because the numerator of the function is zero
when x = 0, and the denominator of the function is zero when x = 11.
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We then plug a real number from each of these three intervals into the
function to see if the answer is positive or negative. For example,

f(5) = = 11)2 > 0. Note that we do not need to finish the
computation. We only need to know if the answer is positive or
negative. Since there are + signs on both sides of x = 11, we have that
= +OO

lim
x—-11 (x—11)2

(3) We actually do not care about the minus sign to the left of 0. We
could have left that part out of the sign chart. It is however important
that we include the zero as a cutoff point. This tells us that we can test
any value between 0 and 11 to find xlir;rll_ f(x).

26. Let f be the function defined by

Sex—7
—_—, x<7
Fx) = 1+ In|x — 8|
15cos(x — 7)
—_—, X >7
sin(7—x) + 3
Show that f is continuous at x = 7.
Solution:
-7 5e0 5
xllgl—f(x) 1+ln|7 8  1+ln1 _ 1+0 5.
. __15cos(7-7) _ 15cos0 _ 15(1) _ 15 _
xllgl+ flx) = sin(7—=7)+3  sin0+3  0+3 3 2

So lim f(x) = 5.
x-7

Also, f(7) = = 5. So, llm f(x) = f(7).

1+ln|7 8|

It follows that f is continuous at x = 7.

27. The sum of the infinite geometric series = + + E +-

5

Solution: The first term of the geometric series is a = o’ and the

15 5 15 7 _

common ratioisr = — + = It follows that the sum is
28 7 28 5 4
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1-r  1-3
4

Notes: (1) A geometric sequence is a sequence of numbers such that the
quotient r between consecutive terms is constant. The number ris
called the common ratio of the geometric sequence.

For example, consider the sequence

5 15 45
7’ 28" 112"
15 5 15 7 3 45 15 45 28 3
We have —+==—=.-=>-and — +—=—-— == |t follows that
287 28 5 4 112 ~ 28 112 15 4

. L . 3
the sequence is geometric with common ratior = T

(2) A geometric series is the sum of the terms of a geometric sequence.
The series in this problem is an infinite geometric series.

(3) The sum G of an infinite geometric series with first term a and
common ratior with =1 <r < 1is

a
T 1-7r

Note that if the common ratio r is greater than 1 or less than —1, then
the geometric series has no sum.

(4) As we saw in note (1), we can get the common ratio r of a geometric
series, by dividing any term by the term which precedes it.

28. Which of the following series converge?

1
I. Z;.lozlz

0 n®
W Xn=1 5075

w cos(nm)
. 3, ==

(A) 1only

(B) Il only

(C) Hl only

(D) I and 11 only

Solution: The first series is the harmonic series which diverges.
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3

3
nl—lgo m3iE = and SO Yoy = dlverges by the divergence test.
-nn
n

cos(mt)
Zn 1 Zn 1

. 1\ . . . 1 .
Since (;) is a decreasing sequence with lim == 0, the series

n—-oon
(_
Z;.lozl

So the answer is choice (C).

n
——converges by the alternating series test.

Notes: (1) Yn- 1 = 1+ + + + - is called the harmonic series.
This series dlverges.

It is not at all obvious that this series diverges, and one of the reasons
that it is not obvious is because it diverges so slowly.

The advanced student might want to show that given any M > 0, there
is a positive integer k such that 1 + % + § + - +% > M. This would give
a proof that the harmonic series diverges.

(2) The divergence test or nth term test says:

(i) if X ;=1 a,, converges, then lim a,, = 0, or equivalently
n—oco
(ii) if lim a, # 0, then Y7, a,, diverges.
n—-oo

Note that statements (i) and (ii) are contrapositives of each other, and
are therefore logically equivalent.

It is usually easier to apply the divergence test by using statement (ii).

In other words, simply check the limit of the underlying sequence of the
series. If this limit is not zero, then the series diverges.

In this problem, the limit of the underlying sequence is % Since this is not
zero, the given series diverges.

3
n .
A common mistake is to infer from lim —— =2 that the series
n—-oo 2n°+5 2

1 . n3
converges to > This is of course not true: the sequence (2n3+5)

1 . L .
converges to > but the corresponding series diverges by the divergence
test.

46



(3) The converse of the divergence test is false. In other words, if
lim a,, = 0, it does not necessarily follow that }.;>_; a,, converges.

n—oo

Students make this mistake all the time! It is absolutely necessary for
lim a, = 0 for the series to have any chance of converging. But it is not

n—oo

enough! A simple counterexample is the harmonic series.
To summarize: (a) if lim a,, # 0, then }.7°_; a,, diverges.
n—oo
(b) if lim a, = 0, then },;_; a,, may converge or diverge.
n—-oo

(4) To see that cos(nm) = (—1)™, first note that cos(0m) = cos0 = 1. It
follows that cos(2km) = cos(0 + 2km) =1 for all integers n, or
equivalently, cos(nm) = 1 whenever n is even.

Next note that cos(lmr)=cosmt=—1. It then follows that
cos((2k + 1)m) = cos(m + 2km) = cosw = —1 for all integers n, or
equivalently, cos(nm) = —1 whenever n is odd.

1 ifnis even
—1ifnisodd

(5) An alternating series has one of the forms Y,_,(—1)"a, or
Yo (—1)"*1a, where a,, > 0 for each positive integer n.

Finally note that (—1)" = {

For example, the series given in Il is an alternating series since it is equal

to Zfﬂ% =Z,i°=1(—1)"(%), and an=%>0 for all positive

integers n.

(6) The alternating series test says that if (a,,) is a decreasing sequence
with lim a, =0, then the alternating series },_;(—1)"a, or

n—co
w1 (—1)™*1a, converges.

. e . 1 1
Since for all positive integers n, n < n + 1, it follows that - > —y and

+1
1\ . . - .1
the sequence (;) is decreasing. Also it is clear that lim ~= 0. It follows
n—-oo
— n
that Yoy ( Tll) converges by the alternating series test.

(7) Another way to check that the sequence (%) is decreasing is to note

Ao A1 = 12 = L i -1
that o [x] o [x71] 1x =< 0. So the function f(x) ~is
a decreasing function, and therefore the sequence (%) is also

decreasing.
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29. Let f be a decreasing function with f(x) > 0 for all positive
real numbers x. If gim flbf(x) dx is finite, then which of the
following must be true?

(A) X, f(n) converges
(B) Xn=1 f(n) diverges
C) Xr=1 % converges

o 1 4
(D) Ym=1 ) diverges
Solution: By the integral test, )., f (n) converges, choice (A).

Notes: (1) The integral test says the following:

Let f be a continuous, positive, decreasing function on [c, ). Then
Ym=c f (n) converges if and only if fcoo f(x) dx converges.

@) [ fG) dx = Jim [ £(x) dx.

(3) The integral test cannot be used to evaluate };—; f(n). In general

Yn=1f(n) # floof(x) dx.

(4) The condition of f decreasing can actually be weakened to
. Inx . .
f “eventually decreasing.” For example, f(x) = % is not decreasing on

[1, ), but is decreasing eventually. This can be verified by using the first
derivative test. See problem 37 for details on how to apply this test. |
leave the details to the reader.

Now, f1°°‘“7"dx =2(nx)? ) = lim (inh)? = co. It follows ~that

1 . . 1 .
floo % dx diverges. By the integral test Yo % diverges.

. . 1 .
(5) For details on how to integrate f%dx, see the solution to problem
5.
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30. Which of the following series converge to —1 ?

© 3
' e

1-3n2
Il.
Xn= 13n2+2

. xe.,

(A) 1only

(B) Il only

(C) i only

(D) I and 11 only

n(n+1)

Solution: The first series is geometric with first term a = -3 and
: __1 . Yoo 3 T3
common ratior = — . So the sum is anlm =—2=—1.

1-3n? w 1-3n? . .
5= 1andso Yn—q P diverges by the divergence test.

n-oo 3n%+
1
L= 1n(n+1) Zn= 1( n+1)

= lim[(1-3)+ (G—3) ++ (gl = Jim (1- ;) =1

So the answer is choice (A).

Notes: (1) See problem 27 for more information on infinite geometric
series.

(2) For the first series it might help to write out the first few terms:

[ee)

S 3 3, +
2 4 8 (=2)"

n=1

It is now easy to check that the series is geometric by checking the first

. 3 3 3 2 1 3 .3 3 4 1
twoquotlents:—+(——)=—-(——)=——,——+—=—— -= -,
4 2 4 3 22 8 4 8 3 2
. L . 1 ...
So we see that the series is geometric with common ratio r = -5 It is
. ) . 3
also quite clear that the first termisa = —=.

2
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(3) A geometric series has the form };_, ar™. In this form, the first term
is a and the common ratio is r. | wouldn’t get too hung up on this form
though. Once you recognize that a series is geometric, it's easy enough
to just write out the first few terms and find the first term and common
ratio as we did in note (2) above.

If we were to put the given series in this precise form it would look like

. @ 3 1\ . - .
this: Yoo (— 5) (— E) . But again, this is unnecessary (and confusing).

(4) See problem 28 for more information on the divergence test.

(5) The third series is a telescoping sum. We can formally do a partial

=¥ (c-=) . we

fraction decomposition to see that Y-, —— —

=é+i. Now multiply each side of this
n(n+1) n  n+1

equationbyn(n+ 1)togetl1 =A(n+ 1)+ Bn=An+ A+ Bn.

n(n+1)

start by writing

So we have On + 1 = (4 + B)n + A. Equating coefficients gives us A +
B =0and A =1, from which we also get B = —1.

1 A B 1
—_— ___+_ — e —
n

o = = .
n(n+1) n  n+l n+1 n  n+1

(6) Another way to find A and B in the equation 1 = A(n+ 1) + Bn is
to substitute in specific values for n. Two good choices are n = 0 and
n=-1.

n=0:1=A4(0+1)+B(0)=A.504 = 1.
n=-1:1=A4(-14+1)+B(-1).S01 = —B,and B = —1.

31. Which of the following series diverge?

| 2 1n2+1

I B (o)

|||.2;;°:1;
(A) I only
(B) l only

(C) Il only
(D) I'and 111 only
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Tl
Solution: 11_r)1010 = ® and so Yo = dlverges by the divergence

test.

. : 99
Y 1(E)n is geometric with common ratio r = To0 < 1, and so

27 \n
2"21(100) converges.

on+1
(n+)! | _
e

nooo [(n+1)! 2n

2n+1 nl M
=lim—=0<1, and so Z;’f’zlz

n—-oo n+1

lim

n—oo

n!

converges by the ratio test.
Therefore the answer is choice (A).

Notes: (1) See problems 27 and 30 for more information on infinite
geometric series, and see problem 28 for more information on the
divergence test.

(2) We say that the series )5, a, converges absolutely if Y7 ;la,|
converges. If a series converges absolutely, then it converges.

A series which is convergent, but not absolutely convergent is said to
converge conditionally.

An+1

(3) The Ratio Test: For the series Y.n—, ap, define L = lim ”

n—-oo

If L < 1, then the series converges absolutely, and therefore converges.
If L > 1, then the series diverges. If L = 1, then the ratio test fails.

le
For the series )= 1 glven in this problem, we have a,, = vy and so
2n+1

Ant+1 = Grrnyr

5T

32. What are all values of x for which the series X, ;——
converges?

(A) All x exceptx =0
(B) Ixl <2
(©) —c<x<

(D) -c<x<

UlkRr Lk
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gn+1,n+1

(n+1)
5Mxn

5n+1xn+1 n

= lim = 5|x|. So by the ratio

n—-oo

Solution: lim

n-oo n+1 5nxn

n

test, the series converges for all x such that 5|x| < 1, or equivalently
1 . . 1 1
|x| < -~ Removing the absolute values gives — c<x<:.

. . 1 .

We still need to check the endpoints. When x = o we get the divergent
. . 1 1

harmonic series 2?10:1;: and when x = —; Wwe get the convergent
. . 1 . . 1

alternating series Z;’{Ll(—l)”;. So the series diverges at x =< and

1
convergesatx = — E

The answer is therefore choice (C).

Notes: (1) A power series about x = 0 is a series of the form },;_; a,x™.
To determine where a power series converges we use the ratio test. In
other words, we compute

n+1
an+1X an+1

o |x]|.

= lim

Apx™ n—-oo

L = lim

n—oo
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