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LESSON 1 - HEART OF ALGEBRA
SOLVING LINEAR EQUATIONS

Must We Always Be So Formal?

Suppose we are asked to solve for x in the following equation:
x—2=7

In other words, we are being asked for a number such that when we subtract 2 from that number we
get 7. Itis not too hard to see that 9 — 2 = 7, so that x = 9.

| call the technique above solving this equation informally. In other words, when we solve algebraic
equations informally we are solving for the variable very quickly in our heads.

We can also solve for x formally by adding 2 to each side of the equation:

x—2=7
+2 +2
X =9

In other words, when we solve an algebraic equation formally we are writing out all the steps — just
as we would do it on a test in school.

To save time on the SAT you should practice solving equations informally as much as possible. And
you should also practice solving equations formally — this will increase your mathematical skill level.

Let’s try another:
7x = 42

Informally, 7 times 6 is 42, so we see that x = 6.

Formally, we can divide each side of the equation by 7:
7x =42
7 7
X =06
Now let’s get a little harder:
8x+3=59

We can still do this informally. First, let’s figure out what number plus 3 is 59. Well, 56 plus 3 is 59.
So, 8x is 56. Therefore, x must be 7.

Here is the formal solution:

8x+3 =59

-3 -3
B8x = 56
8 8
X =7
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On the SAT, a combination of formal and informal algebra often works best. Let’s look at an example.

LEVEL 1: HEART OF ALGEBRA — SOLVING LINEAR EQUATIONS

1. If54+x+x=14x+ x+ x, what is the value of x ?

Algebraic solution: Here is a quick algebraic solution to the problem.

S54+4x+x=1+x+x+x
542x=1+3x
5=1+x
4 =x

Thus, the answer is choice D.

Notes: (1) For the first step, we combined like terms. On the left, we have x + x = 2x and on the
right, we have x + x + x = 3x.

(2) For the second step, we formally subtracted 2x from each side of the equation. Here are the
details.

54+2x=1+ 3x
—2x — 2x
5 =1+ x

(3) The last step is best done informally. To solve 5 =1+ x, we are asking “5 is 1 plus what
number?” Well the number is 4.

A Balancing Act

In this problem, we can use a little “balancing” trick to get to the answer faster. If the same quantity
appears on each side of an equation, we can simply strike it off from each side.

* Striking off x’s: We strike off two x’s from each side of the equation to get
5=1+x.

This becomes 4 = x, choice D.
Notes: (1) You can physically use your pencil to strike off those x’s. The marked-up problem would

look as follows.
5+/+/= 1+x+/+/

(2) As in the previous solution, the equation 5 = 1 + x is best solved informally to save the most
time.

14
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Plug It In!

In lots of SAT math problems, you can get the answer simply by trying each of the answer choices
until you find the one that works. Unless you have some intuition as to what the correct answer
might be, starting in the middle with B or C is best (although there are some exceptions to this rule
that we will see later). The reason for this is simple. Answers are usually given in increasing or
decreasing order. If choice B or C fails, you can often eliminate one or two of the other choices as
well.

Solution by starting with choice C: We start with choice C and substitute 3 in for x on each side of
the equation.

5+43+3=1+3+3+3
11 =10

Since this is false, we can eliminate choice C. A little thought should allow you to eliminate choices A
and B as well (don’t worry if you don’t see this — just take another guess). Let’s try choice D next.

5+4+4=1+4+4+4
13 =13

Thus, the answer is choice D.

Notes: (1) We can begin with an algebraic solution, and then
switch to plugging in later. For example, in this problem, we
can write 5 4+ 2x = 1 4+ 3x, and then start substituting in the
answer choices from here. UNI SAYS...

Plugging in Answer Choices is a
nice method to keep around just in
case you get stuck. Practice this
method often, so it's easy to recall
when you need it.

(2) The method of “plugging it in” illustrated here is usually not
the most efficient method for solving math problems on the
SAT. However, it is a reliable method that can be used to solve
many types of multiple choice questions of varying difficulties.
Keep this as a fallback method for when you get stuck.

Time to Practice

LEVEL 1: HEART OF ALGEBRA — SOLVING LINEAR EQUATIONS

XxX+x+6x—6=54+4+2x+x+x+x

2. In the equation above, what is the value of x ?
A) 5
B) =
C) -2
D) -5

15
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* Algebraic solution: Let’s start by striking off two x’s from each side of the equation to get
6x—6=5+44+2x+x

We now combine like terms on the right to get 6x — 6 = 9 + 3x. We then add 6 to each side of the

equation and subtract 3x from each side of the equation to get 3x = 15. Finally, we divide each side

of this last equation by 3 to get x = 1?5 = 5, choice A.

Notes: (1) We can use any of the three methods of solution shown in problem 1 above, or a
combination of those methods to solve this problem.

(2) Observe how the solution above uses a combination of the techniques we just learned to get to
the answer as quickly as possible. We started by striking off x’s. We then combined like terms. And
then we finished with some formal algebra.

(3) It would be slightly more efficient to solve the last equation 3x = 15 informally.
3. If2j= ’%4 and j = 6, what is the value of x ?
A) 10
B) 20
C) 30
D) 40

* Algebraic solution: Since j = 6, we have 2j =2 -6 = 12, and so 363;4 = 12. After multiplying each
side of this equation by 3, we seethatx —4 =3 -12 = 36.S0, x = 36 + 4 = 40, choice D.

Note: Once we have 963;4 = 12, we can solve the equation informally in two steps. Since 36 divided by
3is 12, we have x — 4 = 36. Finally, 40 — 4 = 36, and so x = 40.

Solution by starting with choice C: Since j = 6, we have that2j = 2 -6 = 12, and so 363;4 =12.

Let’s start with choice C and guess that x = 30. We then have 9‘3;4 = % = 23—6 ~ 8.67. This is a bit
too small and so the answer must be choice D.
Note: Let’s just verify that choice D is correct. We replace x by 40 to get 963;4 = 403—_4 = ? = 12. This

is correct, and so the answer is in fact choice D.

4. For what value of x is 52—x —7=23?

* Algebraic solution: We add 7 to each side of the equation to get 52—x = 23 + 7 = 30. Multiplying

each side of this equation by%gives x =30- % = ? 2=6-2=12.

Notes: (1) We begin by keeping all terms with an x on the left-hand side of the equation, and moving
any terms without an x to the right-hand side. To do this we add 7 to each side of the equation.

16
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(2) The reciprocal ofg is é The product of reciprocals is 1. In this case,

vl N
N | Ul
Il
—_

It follows that we can solve the equation 5796 = 30 for x formally by multiplying each side of the

equation by E

3 4
7773
5. What value of x is the solution of the equation above?
4
A) =
9
B) =
28
O) >
28
D) ey

* Algebraic solution: We multiply each side of the equation by g togetx = g

7 28 .

- — = —, choice C.
3 9

Note: See problem 4 above for more information about using reciprocals to solve equations.

Solution by starting with choice C: Let’s start with choice C and substitute ? in for x on the left-hand

28 3 28 1 4 _ 4 _, - . .
5553 1% Since this is equal to the right-hand side,

. . 3
side of the equation. We then have = -
7 9 9 7 3 1

the answer is choice C.

LEVEL 2: HEART OF ALGEBRA — SOLVING LINEAR EQUATIONS

L=11+16M

6. One end of an elastic band is taped to the bottom of a ceiling fan. When an object of mass M
kilograms is attached to the other end of the elastic band, the band stretches to a length of L
centimeters as shown in the equation above. What is M when L = 13 ?

* Algebraic solution: We let L = 13 and solve for M.

13 =11+ 1.6M
2 =1.6M
M=2=%2=5/40r1.25.

1.6 16

Note: There are lots of words in this problem that are completely unnecessary. The question could
have simply been asked as follows:

IfL =11+ 1.6M, whatis M when L = 13 ?

The SAT often likes to artificially create a “real world” context which is not needed when solving the
problem.

17
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7. 1If4x — 5 = 53, what is the value of 12x — 2 ?

* Algebraic solution: We add 5 to each side of the given equation to get 4x = 53 + 5 = 58. We now
multiply each side of this last equation by 3 to get 12x = 174. Finally, we subtract 2 from each side
of this last equationtoget 12x — 2 =174 -2 = 172.

Notes: (1) We did not need to find x to solve this problem. Since the expression we are trying to find
has 12x as one of its terms, it is more efficient to multiply 4x by 3, than it is to solve the original
equation for x and then multiply by 12.

(2) If you didn’t notice that you could change 4x into 12x by multiplying by 3, then it’s not too big of
a deal. The problem could still be solved easily by solving for x first. Once we have 4x = 58, we can

divide each side of the equation by 4 to get x = %8. We then have

58 12
12x—2=12-T—2=T-58—2=3-58—2=174—2=172

LEVEL 3: HEART OF ALGEBRA — SOLVING LINEAR EQUATIONS

8. If 15x = 73, what is the value of 3(x + g)?

A) 17
B) 15
o) =2
D) Z

Algebraic solution: We divide each side of the given equation by 15 to get x = Z—i It follows that

3(x +3) = 3(Z+2) = 17, choice A.

Notes: (1) If a calculator is allowed for this problem we can simply type the following in our calculator
to get the answer:
3(73/ 15 +4 /5) ENTER

(2) If a calculator is not allowed, then we would begin by rewriting g as %-%z % We then have

Bele O e (248 =3 (5) = (2) @ - (o9 =17

* Quicker algebraic solution: We divide each side of the given equation by 5 to get 3x = 75—3 We then

have

:3X+3'§:3X+?:?+? 5 ?:17

4 4 12 73 12 73412 85
3<x+—> — —

This is choice A.

18
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Notes: (1) The distributive property says that for all real numbers a, b, and c,
a(b+c)=ab+ac

More specifically, this property says that the operation of multiplication distributes over addition.

(2) We used the distributive property in the first step of this solution. In this problem, we have a = 3,
b =x,andc =E.Thus,we have3(x+i) = 3x+3-3.
5 5 5

(3) See Lesson 2 for more on the distributive property.

9.  On Sunday, Janice studied 3 more hours than Chris. If they studied for a combined total of 13
hours, how many hours did Chris study for on Sunday?

A) 5
B) 6
Q) 7
D) 8

* Algebraic solution: Let x be the number of hours Chris studied. Then Janice studied x + 3 hours,

and we have x + (x + 3) = 13. Therefore, 2x + 3 = 13, and so 2x = 13 — 3 = 10. So, the number

of hours that Chris studied is x = ? = 5, choice A.

Note: This problem can also be solved by plugging in the answer choices (start with choice B or C). |
leave the details of this solution to the reader.

LEVEL 4: HEART OF ALGEBRA — SOLVING LINEAR EQUATIONS

10. A gymnast’s final score is determined by the sum of the difficulty score and execution score,
less any deductions for neutral errors. Jackie had a difficulty score of p points and an

execution score of g points. Assuming that Jackie lost % of a point for each of her 20 neutral
errors and had a final score of 6.5, what is the value of p + q ?

* Algebraic solution: We havep + g — % +20=6.5.50,p+q=65+ %- 20=65+25=09.

Notes: (1) Since Jackie’s difficulty score was p and her execution score was g, it follows that the sum
of her difficulty score and execution score was p + q.

(2) Jackie had 20 neutral errors and she lost % of a point for each one. It follows that she lost a total of

d= % - 20 = % = 2.5 points due to neutral errors.

(3) Jackie’s total score, T, is determined by T = p + q — d, where p is Jackie’s difficulty score, q is
Jackie’s execution score, and d is Jackie’s total deductions due to neutral errors.

We were given that T = 6.5 in the question, and we found that d = 2.5 in note (2). It follows that
6.5 = p + g — 2.5. Adding 2.5 to each side of this last equation givesusp + q = 6.5+ 2.5 = 9.

19
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Lessons was written by a Ph.D. in mathematics to help students achieve a perfect SAT
math score.

The first part of the book consists of 48 lessons that cover all the concepts, strategies,
and problems needed to get a perfect SAT math score. Keep an eye out for Uni the
uvnicorn... he pops up throughout the lessons to emphasize important strategies and
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Each of the 1000 problems in this book comes with at least one complete explanation
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understanding of all the material presented.
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LTI “Got an 800 as promised!... | didn't have any outside
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Math Lessons)

kR ek “My daughter got one wrong only! She received a full
scholarship to the University of Miami.” (M.L., 28 SAT Math Lessons)

L S “The approach presented by Dr. Steve is exactly
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